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EXAMPLE I. 


I. Area of the larger piston ==7c (25)*=625 tc 
A rea of the smaller piston =7t (2)*=4Tt 
From the principle of Hydraulic press 
Pressure on larger piston _ Area of the larger piston 
Pressure on smaller piston Area ol the smaller piston 


Pressure on 


, . 625 7c 

larger piston = - 


X 1 Kilos. 


= 156-25 Kilos. 


Hence the larger piston will support a wt.= 156*25 Kilos. 

a. Area of the larger piston = 100 square inches. 

Area of the smaller piston ==i square inches. 

Pressure on the smaller piston Area of the smaller piston 

Pressure on the larger piston Area of the larger piston 

p u 11 • . 1X2240X1 

Pressure on the smaller piston= - . — 

4X100 


=5*6 lbs. wt. 


Hence the reqd. force applied = 5*6 lbs. wt. 
3 . If W be the weighty then we have 
Wx4x 144=1500 


... 1500 -29,. 

'^=57r=^48''’*- 


4. Let P be the pres- 
sure applied to the 
smaller piston, so that 
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Pressure on the smaller piston Area of the smaller piston 

Pressure on the larger piston Area of the larger piston 

Pressure on the smaller piston = X 1 x2240 lbs. wt. 

TZ\ofY 

P=35 lbs. wt. 

For the lever AC, 

P.AB=5.AC. 

35.AB=5.AG 

AB 5 1 

ratio ofarm8=7 ; 1 


5 . Let P be the thrust 
on the smaller piston and 
X on the end of the lever. 



Thrust on the smaller piston Area of the smaller piston 

Thrust on the larger piston Area of the larger piston 

10 
576 

a;XFB=PxFA 

^_ PX 2 ^ 10x2240 


7c(72)* 6184 


= = _;r tons Wt. 


24 12X576 

=3 lbs. wt. 

54 


Greatest weight 


iRAvy / 70 XS 22^150x5184 
= 150 X 7t . (72)*=n^ X — 2240 — 
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6 » The question easily follows from Pascal’s law of trans- 
missibility of fluid pressure. Suppose that a pressure p is 
applied upon the fluid inside the vessel by a slight blow on its 
cork. By Pascal’s law, this pressure is transmitted into the 
fluid, its amount remaining unaltered. Now the area at the 
mouth was small but that of the remaining vessel with which 
the water is in contact is very large. Hence the total force 
expressed by the vessel is very large. This accounts why a slight 
blow on the air tight cork of a vessel fully filled with water 
generally breaks the vessel. 

7. Let P be the reqd. pressure, then 4 

P.AB=12.AG tzJt ’ 

P. 2 = 12. 24 f 

P = 144 lbs. wt. per sq. inch. ULb*. 

8 . Area of the circular safety-valve =7: a) sq. inch. 

Let P be the reqd. pressure of the steam, then 


ULb*. 


Gsa) ^ 


256x7_64x7 

2 X 22 1 r 

448 8 ,, 

= 11 - =40 — lbs. wt. per sq. inch. 

9. Let P be the pressure of the steam which is just suffi- 
cient to lift the safety-valve. 

Hence P . 16. 

/, P=80 lbs. wt. per sq. inch. 

EXAMPLES II 

I. We know that 


W=V jw 

K;=s62i lbs ; ^=*9 ; V=lc. ft. 



] 

Therefore, 


Hydrostatics 


W=1X9X 

_1125 

2 


2 . 


Specific gravity 


W=562J lbs. wt. 

- , density of brasa 

of brass r-^ — t: ^ 

density ot water 


density of brass= 8 x 1000 ozs. per c. ft. 

=8000 ozs. per c. ft. 


8000 . , 
12X12X12 P” '• 
8000 
1728 


=4*629... ozs. per c. inches. 

_ „ wt. of a gallon of mercury 

3 . Sp. gr. of mercury = — - — ^ ^ 

wt. of a gallon of water 

Wt. of a gallon of mercury= 10 x 13‘598 

= 135*98 lbs. wt. 

4 . Reqd. weight 

= 13*6x 1000 grammes wt. 

= 13600 grammes wt. 

5 . Let the sp . gr. of quartz is s 
We know that W=Vjw 

.*. 961X5=13x19*25 

_13x 19*25X4 
^ 385 


6 . 



We know that 


W = V .5W 
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Here W=2240 lbs., j=19*25, a;=62i lb. 

Therefore, 

2240=Vx 19*25x62-5 

^ 2240 

'^“l9-25x62*5“ 

1 237 - 

275 

7. Suppose V is the volume of a kilogramme of cast 
copper and V' is the volume of the same amount of copper 
wire, therefore, 

W=V s w. 

1000»=Vx8*88 I 

and 1000==V'x8-79 11 

Reqd. difference of volume 
„ 1000 1000 


=V'-V= 


= 1000 


r ^ 

1_8*79 8 88j 


_ 1000 x *09 _ 90 

“8*79 X 8-88 8-79 X 8-88 

= ri53...c. cm. 

8 . Area of the cross section 
of the pipe, 

“Tt [(5)*— (2)*] sq. in. J 

=Tc[y-4] 

33w 

ai; sq. ft. 



^!Mmmm//////////////m3k 


4X144 

_I1 

“192 

Vol. of the pipc=~^X 1 cubic ft. 
W=V %w 
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64-4=^j^”x^x62i 

644X192X2X7 
* 10x11x22x125 

=5-72 

9. Let the area of cross-section of the rod is A sq. ft. 

Volume of the rod = T A cubic feet. 

We know that 

W=V w 
3 = ^ Ax 8-8x1000 
3 x2 

^ 3x8*8x1000 


2 

'8800 
2x 144 
8800 


sq. ft. 


275 


sq. inch. 


10, Volume of the sphere = j 7cr® 

= 4 TT . (45)3 

Let the density of the sphere is p. Therefore 

2376 X 1000=i 7tx45x45x45xp 
. 2376x1000x3x7 

*• ^ 4X22X45X45X45 



II. We know that 

1 39-0625 X 1000= Vx 8-9 
Let V is the volume in c. cms. 

V- 

89 

= 15625 c. cms. 
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12. Dcnsity= 


Mass 

Volume 

4900 

-lbs 

4900 

9 


lbs. per cubic ft. 


4900 

~ ~ g ^ ‘01602 grammes per c. cm. 

=8*722 grammes per c. cm. 

r, Mass 

13 . 

Mass=36000x 1000 grammes. 

Volume=46 X 10* X 10*X 10* cubic cm. 

. 36000x1000 

45X100X100X100 
36 

X62‘5 lb. per cubic ft. 


=49‘9 lbs. per cubic It. 

14. Let V is the volume of casting, V' is the proper 
volume, therefore, 

Vx6‘3=V'x7‘5 

v-y'_ v;_, 

V V~* 75 75 

12 

Hence the reqd. pcrccntage=^^X 100=16. 

EXAMPLES III 

I. We know tliat specific gravity of Mixture is given by 
o__Vyj,4-Vj S 2 

s--v,+v, 

.06 ViXl4-VjX‘8 

” v.+v. 
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l7_\Vhl V, 

20 V,+Va 

17Vi+17V2=20Vj+16V3 

3Vi=V, 

Yl = J _ 

Vj 3 ‘ 


a. We know that 


c / X Wj+Wa 

Sp. gr. of Mixture (j)— 


^ 12f20 

^ 12 ,20 

ri '^•9 

^ 32 X 1*1 X ’9 

10 - 8+22 
^ 32 X 1 - 1^9 
“ 32"-8 

Sp. gr. of Mixture-=>*965... 

3. Let p be the density of the Mixture 
Therefore, 

_ 39 x- 9+51 X -75 
39+51 

==• 815 . 

4. Let Wj oz. of water be added to the solution 
We know that 

W,+Wa 
^~W, . Wa 
jj Ja 

. W,+27 

or 1-05-^^ 27 

1 "^LOS 
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or (w,+-p~g) (l-05)=W,+27 

which, on simplification, gives 
Wi = 15 ozs. 


5 . Let Wj be the mass of wood whose sp. gr. is *5. 
We know that 

C f>f * C Wj-f-W2 

Sp. gr. of Mixture ^ - 

_W,+500 
•3 7 


or 

or 


2Wi+ 


500 


=Wi+500 


Wx==500- 


500 

7 


3000 


ozs. 


Let Vj is the volume of the wood of mass Wi. then 

-5X1000 


Therefore, 


3 XiO^ 6 
7x5' 7 

V,= y c.ft. 


6 . Let Vi and V 2 be the volumes of each component of 
the alloy (i. c. zinc and copper respectively). 

Vi+V2=452 I 

and 7V,+8-9V*=3373 ... II 

To solve I and II, multiply I by 7 and subtract from II 



flO: ] 


^ Wydr^tfitics 


l- 9 y,=; 3373 - 3 Je .4 

1 - 9 V 2=209 

_ 2 («xlO 
19 '■ 


Vj=452-ll 
, /;= 342 . 

7. Let V be the vcdtitne of liquid in each vessels. When 
B is filled from A the dchsity bf the liquid in it is given by 

■i£y 6 —.pkiifa 
V-l-V , 2 


Densities of liquids in B and G are 


P1 + P2 


and p3 respectively 


and when G is filled from B, the density of the liquid in G is 
given by ^ 7 / 

_ Y . I (p| 4 -p 2 )-|-V . P^^pi 4 -p 2 + 2 p 3 

' " I — j — 


8. We l^nay/. that 

Q— Yj 

v 7 +V 2 _ 

Equal volumes oi" two substfances afe mixed, Vi=V2 

2 -. .■,! V 

^1-1-82 = 8 ...... I 


Also, 


' T f ' i*a ‘ ■ ' 


Equal weights, am mixed, 

3 3=5 ,?fL£* i 

J1+J2II ,. 8 fA 



Exampd;CS:‘III; 


[i r-ii 


Solving I apd II, we get 

Ji = 6,‘ja="2. 

9. We know that 


' .8=^- 


Vi ^l4-V2 Si- 


n = 


n (V7+^’ 
96 

ioo 


Equal volumes 01 aiconoi and ‘distilled water are mixed. 
Therefore Vi=V 2 =Vi 

• l+"8 

2n 

100^ 

J.e,37'6 ‘ 

2^96 

Sp. gr. of Mixture =*9375. 

10. We know that 

S= 

/ ."tYi+v.y'i 

7^V-8^43 + 3x I 
n (7 + 3) 

10x1-615 n= 12-90.1+^ 

15-901 
16*|'5 V 

Amount of contrition =4 Ox (l^n) 

W90.1 \ 


1-615= 


lOf 1 


( 


16T5 ^ 


,16-p y 


249 

1615 


c. cjns., 


11. The sp. gr. of A and B be Si aii^'-j-j lie/s^ecflvery. Let 
the amount of A be m Ibs^.^, tl:it5)u8(ial--C®Ih\ula/ 
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m+n 



Si Si 

m+2rt 


Jj Si 

^ 3fl 
~m ^ 3n 


From I, 


or m ^ 

0 "(' J 

From II, 




m 


From III, 



+— ^=OT+3n 

V-Jl ^2 / 

^ 0 V ^ // ^ 

m 



Dividing IV by V, 


I 

II 

III 


IV 


V 


VI 


Dividing IV by VI 


S — Si Si — s 

s’— Si 3 (Si—s") 

or 3 {s—si) {si—s'')={si—s) is"—Si) 
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EXAMPLES IV 

' 1 . If a; be the weight of a cubic foot of water, then the 
required pressure is given by 

p=w . h 

1000 


J2X 12x 12 

1000X110 


X 1760x3x 12 


3X16 


lbs. wt. 


6875 

"3 


=22911 lbs. wt. 

2 . Let X be the reqd. depth of water in inches, where the 
pressure is 100 lbs. wt. per sq. inch. Then from the usual 
formula, 


]&=7t-)-wh. 

100=154 


1000 . a: 


12 X 12X I2x 16 


1000 

1728X 16 


*=100-15 = 85 


85x 1728X 16 
1000 


inches. 


reqd. depth= 195’84 ft. 

3 . Let the depth of the reqd. point be x feet, then 

p=w . * 

12090=3 1-56 X 1000 X* 

_1J090^31[ 

*“1560 4 

*=7| ft. 

4. Let the height of the third floor above the basement is 
X inches. 

Pressure at the basement = Pressure at the third floor 4- . x 

125 1 .* 





1.4; ] 


2X1728 

■- ^ 4 ' *7 // ':>*! 

16x2x1728. . 

Ar= llwjhcst 


. -'. ■ '\ 

16X2X1728 . 

=f=36^4 ft. 

5 . Let X be the required height; of a column of air, hence 

p = w . X - t 

125 


14-a:x; 00125.^ 2x12x12x12 

il2ff 


Since jthe weigh’i of 1 cubic foot of water = - lbs. 

*X 125X 125 


14 = 


x=^ 


■8()0x2x 1728' 

14x800x2x 1728 
125 

14x80()x2x 144 


inches 

ft.' 


125X^2 
= 4 miles 156lt6 yds. ' 

6 . Required force 

d6 .' ^ ■ 4. -125 i j j. 

=-^XwX 34=-— X - X 34. 

0.4' 

=2833J Ibi* wt. 

7 . Let X be the depth of well'a'ttdi^ h^. t^e intrinsic weight of 

water, then '' 

Pressure at the bottom of tlie wSl = (30+x)w 
lit '■“pjpggjuj.e at a depth of 2 t6ct^\$b4-2yw~^w 
Hence from the question 

:^04-'^)w=4 . 3'2w' 
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= 98 feet. ' 

8 . Let the depth of the required point be .v feet w the 
weight of water per unitv^dfiime* ■ Then. •' , 

Pressure at the required point=(34+.*)t6> 

Pressure at a-'de|}th 10 feet = (10 •}-34)a; 

=44zt) 

. Hepcq 

,(3 =2 X 44zn 

or ! 34-4-*=88 

' . , jc=54 feet. 

9. Suppose th^ ^atmospheric pres.sure be that which would 
be due to^,^.heig}it pf.;ic feet of water. 

,, Pressure ^t depth of 5 feet = (jc + 5)w 
and the pressure , at, a. de.pth of 44 feet = (;t-|-44)w 
Therefore Irom the problem, 

(*-|-5)tt;=| {x-\-4:^)w 
2x-^ 10=a: 4-44 
x=34 feet. 

' '125 

Atmospheric pressure= 34 X lbs., wt, per sq. feet. 

= 17x1^^ lbs. wti per sq. irfch 

lA • u 

= 14 , - lbs. wt. per sq. inch. 

144 ,• o 

10 . 1 fathom =2 yards, i < ’ 

Pressure per square ya^l at a depth of 20 yards 

125 

20 X T.OZe X 7^- X 3 X ^ X 3 Ihv ^vt. ; 

=g0x I *026 X62*5 X wt. 


= 15*45 ... tonswtr 
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II. Let the reqd. depth be x metres and w be the wt, of 
water per unit volume 

Hence 

xX 13‘596x w=500zi; 

= 506 
13-596 

= 36*77 ... metres. 

12 . Let the required depth be x cms., then from the question 
13*596 X:v X w~ 1000 X w 

*“13*596 
= 73*55 ... cm. 

13 . Reqd. force on the valve = thrust on that area. 

Pressure per square cm. = wt. of 750 m.m. of mercury 

=75 X 13-6 grammes wt. 

Area of the square valve whose side is one decimeter 
= 10x 10=100 sq. cms. 

Therefore, 

Reqd. force=75 X 13*6 X 100 
= 102000 


14 . (i) 


Pressure per square inch at a depth of 10 feet 


= 15+5X 


125 

12x12 


= 15+ 


625 

144 


= 19*34 lbs. wt. 

(ii) Pressure per square inch at a depth of 1 mile 

125 

= 15+1760 x 3x-^;^^2^ 


=2306*6 lbs. wt. 
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15 . Required pressure at the 
bottom of the vessel in lbs. wt. per 
sq. inch. 


=[30x13-64 24X1]X 


2x 12X12X12 


=(4084-24) 


125 

2 X 12X12X12 



^432x 125 

'2X 12X 12X 12 ' 


^-=15i lbs. wt. per sq. ii.eh. 
0 


16 . Required pressure at the depth 
8-5 inches below the upper surface of 
oil in per sq. inch. 

=(2-54-6 X ’92) X 252 grains 
=2021*04 grains wt. 



17 . Required pressure at a depth 
of two inches below the common sur- 
face in lbs. wt. per sq. inch. 


=(244-2 X 13-568) X 


1000 1 
12x 12x 12^ 16 


= 1 


367 

432 


lbs. wt. per sq. inch. 



18 . Cross section of A tube=l sq. inch. 

Cross section of B tube=*l sq. inch. 

Let the levels of mercury in the 
two limbs be P and Q initially so that 
P and Q, lie in the same horizontal 
plane. 

When the water has been poured 
in left limb up to S, let the level of 
mercury rise from Q to T by 1 ' and 
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that in left, fall from P to R. Then, 

PRxl«lXl 

PR=-1=KQ,. 

If now, K be a point in the right limb in the same hori- 
zontal level as R, then, 

11+* . g=II + l*l X 13*596 X g 
*=1-1 X 13-596 

Since the pressure at R and K, being in the same horizontal 
plane, are equal. 

*= 14'9556 inch. 

Hence the amount of water poured in 

«= 14-9556 inch. 


ao. Let the tube PAQ containing 
liquid of density p such that, 

ZPAa=90 

and the tube QR containing liqu'd of 
density o, then that QOR=»a. 

Let the common surface OQ, makes p 
an angle 6 with the vertical. 

Pressure at A due to liquid from left 

= p .g . LA=pg (OA— OL) 

= 9S (<*“<* sin 0) 

Pressure at A due to liquids from right 
s=pg . NA+og . MN 
-»pg (OA-ON)+ag (ON-OM) 

*=pg {a— a cos 6) + og {a cos 6 --a cos (a+6)} 

Since the pressure at A due to liquids from left and righ 
must be the same. Therefore, 

pga (1— sin Q)—pag . (1— cos 0)4 ago . [cos 0— cos (a+0)] 

or p— p sin 0 =p— pcos 04 - ® cos 0— <j cos a . cos 04 c sin a . sin 
or cos 0 (p — 0 + 0 cos a)=sin 0 (p+o sin a) 
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or 


tar» 

p + o sin a 

6=tan-‘’='’±?-55i-^ 

p+ or sm « 


21 . Let O be the centre of the 
uniform circular tube and a its radius. 
Let us suppose that the liquid of den- 
sity 3p occupies the lower position in 
the right quadrant and that of density 
p occupies the upper position. 

Let Z_ BOC = 0 
and COD =9 



It is required to prove for us that 0 = 2?>, because then the 
volume of the liquid of density 3p would be clearly double the 
volume of the liquid of density p. 


Considering the equilibrium of B, we have 

2p . a=3p . {a— a cos 0) + p . a sin <p 
2 = 3 — 3 cos 0-f-sin fp 
3 cos 0—1 =sin 9 


From the figure, <p— ^ — 0. 

3 cos 0 — 1 =sin 0^=cos 0. 

2 cos 0 = 1 
cos 0 = i 
0=60 
9=30. 

(Hence the rusult). 
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82. Let O be the centre and a its 
radius of the uniform circular tube. 
Let AB, BC, CD and DE containing 
liquids of density p, 4p, 8p and 7p. 

Since the volume of each liquid is 
equal. 

Hence 



AOB=^ BOG=Z COD 
= Z.D0E=45®. 

Let the diameter AE inclined at an angle 0 with the ver- 
tical. 


Pressure at P due to liquids from left. 
c=8p . [a— a sin 6]+4p . j^a sin 0 — a cos 

-j-p . I^a cos ^ cos oj 

Pressure at P due to liquids from right 

8p cos^0— + ^ 

Since the pressure at P due to liquids from left and right 
are equal. Hence 

8 ^1— cos ^0— •^^^4-7 ^ cos ^0— cos 0^ 

(1 — sin 0) + 4 ^sin 0 — sin^0— 

4-^sin ■^^^■cos 0^ 
or 8— cos ^0 — 6=8—4 sin 0 

—3 sin ^0— -^^+008 6. 
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or 


4 sin 6-f3 sin ^0— c©s ^0 — ^^=8 cos 0, 


'6 , 1 
or 4 sin 0H — — (sin 6 — cos 0) y . (cos 04- sin 0) = 8 cos 0 

or 4 sin 0 + \/2 sin 0=2\/2 cos 0-)-8 cos 0 
or sin 0 (44 \/2)=2 (\/2+4) cos 0 
tan 0 = 2 

.*. 0=tan“* 2 Proved. 

83 . Pressure at the lowest poin. ^ g 

=hpg+h.2^.g c 

+A.3pg + ... E 

+ A.npg G 

= pAg (l+2+3+...+«) 

_n (n4-\) 


_P_ 

IL 

3/> 




I 


-3 

-F 

-H 


i p. 

84. Consider a small cylinder ol 
height 6 ^ at a depth z below the free 
surface. 

Weight of this cylinder ■ Sz . g 

Pressure at the point at a depth c: 

= the atmospheric pressure 


-Q. 



-f weight of the cylinder from fiee surface to a depth z- 



22 ] 


Hydrostatics 

EXAMPLES V 


I. Wc know that 

thrust=areaX pressure at the 
centre of gravity. 

The depth of centre of gravity 
=2+1=3 ft. 

Hence the thrust 
125 

=22x3x ^ lbs. wt. 

= 6X125 
= 750 lbs. wt. 



3. Area of the tap , 

3 

2x144 ^ 

The depth of C. G. of the tap 
=400-150 
=250, 

Hence the required thrust 
On the tap 

3 125 „ 

”2'xT4V 2 

73 

= 162 ^ lbs. wt. 

96 


WATER RESERVOIR 



TAP 

ll5o' 


->£A-L£VEL 


3 . Area of the square 

=30x30=900 sq. cm. 

Depth of the centre of gravity of 
vertical facc=75 + 16 
=90 cms. 

Hence the thrust on the vertical 
face=900 x90 

=81000 grammes wt. 
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The depth of G. G. of the upper face AB=75 cms. 

Thrust on that face=900x75 

= 67500 grammes wt. 

The depth of G G. of the lower lace CD = 75 + 30=105 ems. 
Therefore, thrust on this face 
=900x105 
= 94500 grammes wt. 

4 , Area of the whole hole = % X ^ = ^ sq. feet. The depth 
of the whole from the water line = 20 ft. Hence the thrust 
on that whole = force required 
Hence the required force 

=ix20x64=5x64 

=320 lbs. wt. 


5 . Area of the wall 
= 12X8 
=96 sq. feet. 

The depth of the C. G. from the effec- 
tive surface 

= 33+6 
=39 feet. 


Hence the required thrust 

=96X39X^2^ lbs, wt. 


Tons wt. 


3x39x25 

28 

3x39x25 

28 


^ Tons wt. 



6 . Area of the base of the vessel = 15 X 15 

=225 sq. cm. 
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The depth of the base of the vessel=154-7*5 

=22*5 cm. 

Hence the thrust on the base of the vessel 
=225X22*5. 

=5062*5 grammes wt. 

7 Area of the circular disc= 7 c . (7)® =49 tc 
T he depth of the circular disc from the eti'cctive surface 
= 1033+5000=6033 cm. 

Hence the thrust on the circular disc 

=49 It X 6033 


= 295617 7 c grammes wt. 

9 . Pressure at the centre of the base 
_ 125 

2X 12X 12 

~ 2 ^^ lbs. wt. per sq. inch. 
Hence the required thrust on the 

K as *25 

base= 7 c . 4® . 


1257C _ 125 22 
' 18' 18 7 

=21 ^ lbs. wt. 

Do 



lo. Let the side of the square is a 
and hi is the depth of the horizontal 
line. 

Pressure on AEFB 

L hi 

=aXAiXy Xw 
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Pressure on EFCD 

=a X (fl-Ai) X {*1+ ^ ^ 

=a {a-hi) 

_a (a* — Aj*) w 

2 

According to the given condition 

2 2 
a*— Ai*=Ai* 

2 


Therefore the line should be drawn parallel to the base 
at a depth of times the side of the square from the free 
surface. 


II. ABGD is a square. The thrust 
of the liquids in the same as if the 
thrust of water in contact with the 
whole vessel and the Mercury of sp. 
gr. (13*6— 1) ^in contact with the 
lower part only. Hence the reqd. 
thrust 

-10.10.5+10. V V . 12-6 
= 100 (5+7) 

— 1200 grammes wt . 

— 1 *2 kilogram 





26 ] 


Hydrostatics 


la. The thrust of the liquids is the 
same as if the thrust of water in contact 
with the whole vessel and the Mercury 1 
ofsp. gr. (13*596—1) in contact with the 
lower part only. 

The thrust of water on the whole vessel 

5 5 

= — . 1 

D 1 Z 

The thrust of Mt rcury on the lower part 

= 4 * |-* (12*f-96) w- —y (12*596) w 



Atmospheric pressure^ 10.12.15 lbs. wt. 

Hence the whole pressure 

(12*596) a;4- 1800 lbs. wt. 

(12-596) X '|5-H 800 

= 1971*8 lbs. wt. 

13 . The thrust on the rectangular vessel 
may be considered due to the water in con- 
tact with the whole vessel and the Mercury 
of sp. gr. (13*5—1) in contact wiih the lower 
part only. 

Hence the reqd. thrust 

=2.1 . l.tf> 4 -l.l . \ . 125 . w 
33^ 125 

“jx-r 




lbs, wt. 
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14. Let the depth of the two small areas be x and feet 
below the surface of water. 

It is given that 

X . w=4:y • w 

x=^y I 

and (x— 1) w=9 (_y— 1) w 

*-1=9 (^-1) II 

Solving I and II we get 


32 




8 


*5- 


Upward thrust on the lid 

= 1 X 1 X20 rt; 

2 

= 1250 lbs. wt. 


=20X 


Downward thrust on the base = 

= 1312J lbs. wt. 
Reqd. difFerence=13 12^ — 1250 


lxlx(20H-l)x - 


125 


125 


=wt. of the water in base. 


2 

The thrust on the brse is to be greater than the wt. of 
water because it has to balance the wt. of the downward 
thrust of the lid on water as well as the weight of water, 
i6. Area of the embankment = ( 1 CO X 3) (88) sq. ft. 

The depth of G. G.=44 ft. 

Total thrust on the embankment 
=300x88x44 w 
300 X 88 X 44 ^ „ T, 

3^ 3-x3’^ 

= 32266f Tons weight. 

Weight of the water in lake 

=jx I760x lOOx Vxf Tons. 

=484003 Tons. 
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17. If X be the depth of the cis- 
tern. The depth of the C. G. of the 

< 


[> 





x’ 

cistern, below the free surface . The 






thrust on the side of the cistern 



1 


> 

—w . . (x . \/3)‘ 





Area of the base 

=6 . i . V3 . V3 . =^^^1 sq. ft. 

QVS 

Thrust on the base— . x . w. 
According to the problem 


V3 

2 ' 


X* 


9V3 

2 


• X . w 


x—9 feet. 


i8. Let ABC be the horizontal 
face of the tetrahedron, and from 
the opposite vertex D, draw a per- 
pendicular DO upon ABC. Then 
O is the centre of the base. 

AO=t . AE=§ . a 

a 

"vs* 

A DO*=AD*-AO»«a»-?^ 

-2a* 
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DO-a V 6 . 

The depth below the surface of the liquid of the centre 
of gravity of a side face then 

rf+i . DO=d+^- 

Therefore thrust on each side face 


2 


flV3 




Thrust on the horizontal face 


2 


V3 

2 


dw. 


If AO meets BG in E, then 
,an DEO =°0 


Hence the resultant thrust on the tetrahedron 
=3 . . cos DEO]-?*^^ dw. 


dw 


, «V3/.,<iV6\ I oV3 

y.o.y/Q a®\/2 

— 4 r ^-3 -12- 

19 . Let w be the weight of 1 cubic feet of fresh water. 
Then the weight of 1 cubic feet of salt water=l'026 w lbs. 

Thrust due to salt water on dock gate=t£>' . z . s 

25 

here 10 ' = 1-026 w ; z=-~ 

Sa=25x50 sq. ft. 

Hence the thrust due to salt watcr= 1 *026 » X S® X 25 X 50, 
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If d is the required depth of fresh water, the thrust due to it 
is==50xrfx-^ w. 

Hence from the problem, 

QK ^2 

1 -0260; X — X 25x50 =50 . ~ .w 

= 25® X 1-026. 

</=25v/( 1-026) 

*=25’322,.. feet. 


20 . Let h be the height ol the cone 
and the semi-vert cal is a. 

Let the common surface SS' of the 
liquids be at a distance x from V. 

Hence 

JrtAi® tan®a=iK tan®a. 



__ h 
■*— 21/8 


(I) 


Let the densities of the liquids be <t and 3cr. 
Thrust on the base 

pj=7rA* tan*a — *■) 3o^]. 

=7tA* tan* a . crg[3A — 2*] 

=7tA* tan* a . tjg [^3A-^ J 

=7cA* tan* a . ag [3 — 4*/*] 
When filled with lighter liquid e. 

Thrust, P2=7tA® tan*a . ag. 

p 

Hence the required ratio=:5^=(3— 4^^*). 

* 2 
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ai. Let w be the weight per unit 1 — 

area of the rectangle=ai, depth of | 

the G.G. of the area immersed 

,b 

=c4-ycos0 , 

Hence the required thrust on the * 

rcctangle = te . ab 

aa. Let h be the height of the cylinder 

and a being the radius of the circular ends. 

Depth of G.G. of the upper end 

h ft 

=e ^ cos o 

^ 1 

I 

Depth of G.G. of the lower end 1 

, A . 

= C+ -£ COS 9 

Thrust on the upper ends=Tca* (c- I CO. 6) 

Thrust on the lower end = tic® + \ cos 6^ w 

where w is the intrinsic weight. 

23. The free surface of the fluid is 2? s 
the horizontal plane passing through B. 

Let the radius of the base be n and 
h the height of the cone. 

Z BOD=a 

OB==A tan a=r. .*. h—rco\ 
OD=f cos «. 


a D 




h=r cot a 


Thru'^t on the base = Area X depth of CG.Xw 


==7tr* . r cos a . w—nr^ w cos a 



cos g 
sin a 
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But the weight of the contained liquid . r cot a . w 

esjTcr® . w 

Thrust on the base , 

wt. of the contained liquid ** 

Hence 

The thrust on the base =3 sin a (wt. of the contained liquid) 

(Hence proved) 

24 . VC=/i 

AG=A tan a 

Let the cone be suspended from a 
point A on the rim. G is the G.G. of 
the liquid in the cone. 

h 



Let 


GG = 

Z GAD=0 

* o GG 
tan 0 =- - = 


cos a 


cos 0 = 


AC 4 . h tan a 4 sin a 

4 sin a 4 sin a 


\/(cos*a-f 16 sin*a) \/(l + 15 sin®a) 
Depth of the G.G. below A=AD=AC cos 0 

. \r\ L ^ 4 sin « 

. . AD—n tan a . — r— — — — r— s — 

\/(l + 15 sin^a) 

Hence the thrust on the base 

f L 9 ^ \ ^ « . 4 sin a 

. (tcA* tan'al . . r 

V(l-bl5 sm®a) 

w . tan*a . sin a 


V(l + 15 sin*a) 

Thrust on the base w . tan*a . sin a 


wt. of the liquid contained 


V (1 f I5sin*a) 

12 , sin*a 

cos* . ^(1 4-15 sin®*) 


J nA* tan®* . w 


(Proved) 
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25. Let the hemisphere be suspended 
from a point A on the rim of the base. 

Let the radius of the hemisphere = r 
G is the G.G of the hemisphere 

CG=| 

Wt. of the contained liquid = f Ttr® w. 
Thrust on the base = (7tr®) . AN . w 
==Tcr* . . r sin 0 



n 4- 4 . a 6 

But tan 

8 

g 

/, Thiust on the base=7cr® w . • 

3 8 

Thrust on the base \/(73) 

wt. of the contained liquid f , rcr® w 

= -_12 

^( 73 ) 


Proved. 


26. Let a parallelogram ABGD 
be immersed in a homogeneous 
liquid with the side AB in the sur- 
face and let the vertical height of 
the parallelogram be h. Let hi, h.„ 

... , be the heights of the n strips 
into which the parallelogram is divi- 
ded. If the pressure on each strip is the same, it is equal to 

~ times the thrust on the whole parallelogram. 
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So if hf denotes the height of any strip, we must have 

— . w . , a . h=w . a/(,.X (depth of the C.G. of the strip) 

n 2 

w being the intrinsic weight. 

+ h3+ + y ) 

Let dr be the depth of the dividing line from the surface 
dr~hi-\-h^-\- hf 

(hi + hi-h +^,) + (^1 ~h^r-i) ~| 

2 ~ J 


A2 , r(f. 

2n L~ 


or — =(dr—dr-i) idr-\-dr.i) 

n 


or 


A* 


■.d\-d\.. 


But we have 


or 


1 h , ^1 V, t 

-- w. -^Xah—w. ^Xahi 
n 2 2 

* 1 =^ • /yj -^=^1 


(first strip) 


and so on. 


*=* V V 


dr CO \/r. 

Hence the depth of the dividing lines are proportional to 
the square roots of the natural numbers. 
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27 Let ABCD be the square with 
side AB in the surface and let the 
dividing line is AX. 

Thrust on ADX 
= 1 (thrust on the square) D X C 

/. (J . AD.D^) . (I AD) . (AD.DC)X{| AD) Xu;. 
Let AD=DG = a 
J . a* . D X = i . a^w 
DX = |a 
= f . DC. 

28 . Let ABCD be the square, the 
side AB being in the surface. 

Let the reqd. ]ine is PQ,, which is 
parallel to AG. 

Let AP=x. 

PD=a-x=DQ, 

It is given that 

Thrust on A PDQ = ^ thrust on the square 

i {a — x) ia—x) . [r + J . (a—*)] w = h . a* . ^ 

{a—x)* (3Ar + 2 a- 2 ;r) = ? a» 

(a—x)^ . (2a + A:) = | a* 

2 . (a^-\-x‘-2ax) {2a + x) = 3a^. 
or 2x^ — 6a^x ■|-a *=0 
From this Eqn. we get x, 

29 We know that for a sector of 
angle 0 , the area of the sector 
a *0 

and the G. G. of a sector lies at a 

distance of from the centre 

36 .50 

'2 





on the central radius. 
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Hence the pressure on the sector AOPi 

^ . sin 6 . sin 0 , 

ou 

= 1 a® . sin® 0 . w. 


Pressure on the seini-circle= 


GO- 


==§ a^w. 

Since pressure on each sector is the same, hence, 
I <■> ■ sin«e . a’u, ). 

sin* 6=»~ 
n 

2 

cos 20=1 — 2 sin* 0=1 • 

n 

OFi=a cos 20=a ^1“" ^ * 

AFi=OA-OFi=a-a-f— 


AF,=- 


Let ^ PiOP2=2^. 

Area of the sector PiOp2=qb. a* 

Press on the sector PiOPj^^ . a* . | ^ , sin {2B ■{-(p)w 

= 1 a* . sin 9). sin (20-J-9))jx>, 

Now accordingly, 

f a* sin* 6 . w—§ a* . sin 9 , sin (20+9) w 
a (1— cos 26)=a [cos 20— cos 2 (0+9)]. 

F, F2=OFs-OF2 

=OPi cos 20-OPa cos (2e+29») 

=a cos 20— a cos (20+29) 

=a (1 — cos 26) 
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^2a 

n 

Divide the hoiizontal diameter into n equal parts each at a 

distance equal to the ordinates at these points will divide 
n 

the arch of the semi-circle in the required points. 

30, Let ABC be the triangle 
with G in the surface. Through 
A draw the dividing line AO. 

Depth of G. G. of A ABG 
= i (a+p) 

Depth of G. G. of AACD 

= J («+«) 

Area of A ABC=i p . BC = ^/> . p sec 6 
Area of A ACD=^ p . CD = ^ p . x sec 0 

Pressure on A ABG= (§ /> . P sec 6) J (a-fP) w 
= 6 . p («+P) sec 0 . w. 

Pressure on A ACD = -^ p . x . (a-fjr) sec 0 . w. 

Since the pressure of A AGD is double of A ABC. 
Therefore, 

\ p ^ . (a-f P) • sec 0 . iy=:2 . ^ px» (olXx) sec 0 . w. 

2x (a+x) = p («4p). 

This equation gives the value for x. 



31. Thrust on ABEF 

= fli . I . p^. 

= 11 pg. 

Thrust on EFCD 

= 0 (<2— A; 
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Since the pressures are equal 

i ab^ ^g=a (a-b) g ^ J- 

or b . p { 5 b — 2a)=s<7 {a — b)^. 

32 . The figure is self 
explanatory. 

Let GD=Z. 

AAGD=i bz sin 0 
AGBD = | az sin 0 
AABG=i ab sin 20 

~ab sin 0 cos 0 
Area of A ABG=<Area of A AGD 
4-Area of A CBD 

ab sin 0 . cos ^ = \ bz sin 0-f | sin 6. 

2 ab cos 0 
^ a + b~ 

. 1 r . A . cos 0“| 

Pressure on A AGD = ^ bz . sin 0 . i I b cos 0-i J 

„ .--Fa. 2a6 cos 0 1 

Pressure on A GBD = i • az . sin 0 . ^ I <j cos O-f- \ ^ * 

Pr essure on A AGD b {b {a-\-b )-\- 2 a b^ 

Pre.-sure on A CBD a {a {a-\-b)-{- 2 ab} 

__ 3 ab^-\-b^ 

3 0 *^ 4 - a® 

Required ratio = ( 6 ® 4 - 3 ai>®) ; (a® 4 - 3 a*f>) 

33. Let the thickness of each liquid be a. Hence the 
side of the box is na. 



Thrust on the base 

—{na)^g [«p a4-(« — 1) P • 

—n^a^ g . p . a [n 4 - («~ !) + ••• 
n(n4-l) 

2 


= n*a* g 


pa 


... 4-2pa4-pa] 
+24-1] 

... I 
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Now the liquid above the lower thickness may be replaced 
by a thickness h of density np. 

xXnp=a (n — 1) p+a (n — 2) p-h + ap 

X . n=a [(«—!)+(«— 2)-f q-a] 



Hence thq thrust on the portion of a side in contact with 
the lowest liquid 


~na. 


= tt® a* 



] 


g • ? 


n 

2 


II 


We see that J is («+ 1) times of II 


34. Thrust on the base of the tumbler 


=Tcr‘‘ g 


Ap , 

L,+yJ 


= i7cr* (p + p') hg 


The whole Pressure is that due to a liquid of density p' in 
contact with the whole curved surface and to one ot density 
p— p' ill contact with the lower half. 


Whole pressure on the curved surface 

*= 2Tzrh . ~ . p'^+27rr • \ ' (p — P')^ 

==i . Tc (3p'4-p) rh^ 


Therefore required ratio 
^ the pressure on the base of the tumbler 
whole pressure on its curved surface 
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_ i rr® (p4-p') 

i7c(3p'+p) rh^g 
^ 2 ^(pM-p) 

/i{3p'+p- 

35 . Let k be the height of the 
cone and a be the semi-vertical 
angle, and let x be the depth of the 
required cutting plane CD. 

Area of the curved surface of the 
cone (V, AB)= 7 c . (h tan a) . h sec a. 

Depth of the C. G. = f h. 

Thrust on the curved surface of the cone (V, AB) 

— w . Tzlih tan a) h sec a . f A. 

27C , 

— — wh* tan a . sec a. 

Thrust on the curved surface of the cone (V, CD) 

—w . K , {x tan a) {x' sec a) %x. 

= 1 7 t w . , tan a , sec a. 

It is given, 



Whole pressure on the upper half=half that on the whole 


cone. 


5 Tzwx^ tan a . sec 

h h 




wh? tan a . sec 


V r4U'8 

* 2‘/3 2 * 


II Case 

Pressure on the lower half is equal 
to the same. 

4x^-6 hx*-\-h^=0 
I2x-h) (2**-4 hx-h^)^0 



V 
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h 

2 


1 + V 3 1— \/2 

— X, or — 7. — X. 


2 


*=— is the only possible value, since the second >h 


and the third is negative. 

36. Let the thickness of each 
section of liquid be x. Consider the 
rth section. 

All the sections above it may be 
replaced by a thickness x of density 
rp, then 

X . rpg^h [(f— 1) p^+ 

(r— 2)p^+ +pg] 

*=(f— 1) -A. 






The whole pressure on this rth 
section if A is the area of the cross section 


-Ah 


■hr] 


fpg 










(n-Dp 




X, 

X 

X 


X 

♦ 

X 


=A hr^ pg 

i. e., the pressure on rth section varies as r*. Therefore 

the pressure on portion in contact with first, second, 

liquid are in the ratio of I*, 2*, 

(Hence Proved) 

EXAMPLES VI 


I. Suppose W be the weight of the lid ABGD and a be 
the side of the box, then 

W«a| o’ w I 

The lid will be on the point of opening if the moment of 
the weight of the lid about AB is equal to the moment of the 
thrust on it. 
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i. e.. 


W X cos 45=wa ’‘ . sin 45 X | a, 

2 , 2 

"W—wa^ . ~ a 
o 

*= 1 . 3 

3 ^ (Hence Proved) 


2. Let a be the edge of the box. 

/. wa^~24 I 

Suppose X is the required depth of water, then the thrust 
on the side is axw . acting at a distance * 


A 


A 8.V® — 24 + 


A (2x— a) (4x* — 10 ax — 5a®) =0 
x= ~ ; other values of x are not 


possible. 


3 . Thrust on the lid =1.1 . \ sin 45 . to 

This thrust acting at a distance f ft, from the upper end. 

Hence, if W be its weight, 

Taking moment about lower edge, 

Wxi cos 45=1.1 . ^ sin 45X!:/^X J 

lAr 1 1 1 25 

W=i 

=20 4 lbs. 

o 

EXAMPLES VII 


1 . The depth in both cases being the same. Hence the 
thrusts are proportional to the areas i e. 16 : 9 . 

In the first case the pressure of the curved surface on the 
water has everywhere a downward component. The result- 
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ant of all these downward compo- 
nents has to be balanced by the thrust in 
addition to the weight of the water. 

In the second case the same pressure 
has everywhere an upward component 
which helps to support the weight of the 
water 



a. Suppose a is the semi-vertical angle of 
the cone and height is h. 

Thrust on the table 

=Tzh} tan* a . hw 
~nh^ tan* a . w... I 

Resultant thrust of water upon the glass 
==weight of the superincumbent liquid 
=s(TtA* tan* a . A — J tcA* lan* «) . w 
=f kA* tan* a . w 
a=f (Thrust on the table) 

3. Thrust on the base of the cone of 


height A and radius r 

— weight of die super-incumbent liquid 
= weight of the cylinder of water of height 
A and of the same base=Tcr* Aw... I 
Volume of the water in the cone will be 
= J Ttr* hw. This poured in the cylinder of 
radius r. Let it occupied the height A, 

7ir*Ai = J nt^h 



Thrust on the base of the cylinder of 
height ^ A and radius r 

=7tr* . J Aw. ..II 



(Proved) 
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Thrust on the base of the cone ^ nr* kw 3 

Thrust on the base of the cylinder J rrr* hw 1 


(Proved) 


4. Let ABCD be the ^ 

horizontal plane through 

the axis which divides the ^ 

cylinder into two parts. A 

Vertical thrust on the 
lower half of the cylinder 

“Weight of the super-incumbent liquid 
“•[volume of the lower half of the cylinder 

4- volume of the Prism on ABCD as base] . w 
“[i 7tf*A+area of the rectangle ABCD x AA'] iv 
“(i nr*h 4 -^r . h ,r]w 






r*hw. 


5, Thrust on the table 
5=Tcr* ,r.w 

sasnr* w I 

Through each point of the circular 
edge of the base of the hemisphere 
draw a vertical line to meet the horizontal plane through the 
highest point of the hemisphere. Then the thrust equals the 
weight of the water that could be included between the surface 
thus formed and the hemisphere, and hence 



The resultant vertical thrust on the surface 
“(itr* w—i nr*w) 

aej nr* w II 

“ J (thrust on the table). 


6. Let h be the height and r the radius of the base of the 
cone (V,AB), with its axis horizontal. 
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Vertical thrust on the upper halt* 
of the curved surface 

=thc weight of the super-incum- 
bent liquid 

«* (volume of the prism on base VPQ 
— i volume of the cone) w 



.2r.h. . I Ttr* h) w 


“('■I") 


Similarly, vertical thrust on the lower half 


7* Vertical thrust 


= weight of frustum of water 
~wt. of cylinder, radius i ft. 


and height 1 foot. 



/ 197C 

'M08 

875 

“216 


-v) 


1000 

16 


lbs. wt. 


n lbs. wt. 



8. Vertical thrust on the curved 
surface of the cone acting upward 

s=weight of the super-incumbent liquid 

=(7rf» . 3h -i . 3A) w 
=2 nr* hw. 

Inverted position. 


4 





46 ] 


Hydrostatics 


Vertical thrust 

= weight of the contained liquid 
= ( 7 T:r®^+^ Ttr® . 3 /i) w 
=2 Trr® hw. 

(Hence Proved ) 



9. (V, AB) and (V, CD, are two equal 
cones with radius r and height h. 
Vertical thrust on the lower cone 
= weight of the super-incumbent 
liquid. 

. 2 hw—\ Tcr* . hw 
5=1^ Ttr® hw 
= 1 .(ftcr* hw) 



= 1 times the weight of water contained. 


10. Let h and 1 be the height and 
radius of the base of the lower cone, 
h' and r' those of the upper. 

Vertical thrust of the curved 
surface of the upper cone acting 
downwards 

=wt. of the liquid contained 

= i Tcr'* h' . w 

Vertical thrust on the curved 
surface of the lower cone acting 
upwards 

s=wcight of the super-incumbent liquid 

saTtr® (h-\-h’) w — Tcr* hw 

■asj Tcr*jx> ( 3 A 4 - 3 A'— Tcr* tv ( 2 A-f- 3 ^') 
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Hence the resultant vertical thrust 

w* w (2A+3A')~j7c»"* h'w 

Q- h' , A'* , 

Since — = — /, r'= -r- . r and r *=-7 t • ^ 

r r' h A* 

Putting this value of r', we get 
Resultant vertical thrust 

Tzr^w^ 3A'-f 2A 

and this should be zero when 2A=A' 

A'® 

3A'+2A-~=0, 
which is clearly zero. 

Hence Proved 

II. Let A be the height, a the semi-vertical angle of the 
cone (V, AB). Also, let Aj be the distance of the water 
surface PQ from V. 

Vertical thrust on the curved surface 

§ 

of the cone 

==the weight of the super-incumbent 
liquid. 

— Ttr* (A Aj) w — Jtc (A® — Aj®) tan* aw 
•=7cA* (A— aj tan* a- J it (A®— A,®) tan* «. 

Weight of the cup A 

= 1 . J 7c A® t? n* aw. 

The cup will be on the point of rising, when 
it'itA® (A-A,) tan* «-|tc (A®- A,®) tan* a . ttA® tan* « . rt», 

A*(A-Aj-i(A»-Aj»)=,\ A®, 

24A® — 24A»Ai — 8A® + SAJ - 5A» = 0. 
llA®-24A*A,+8Ai®=0. 
or {A-2A,) (1 1A*-2A A,-4Ai»)=0. 
either A— 2Ai=0 

I. A 

1. c. Ai= — 

or 11A*-2A A,-4A,*»0 
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i e ^ ^ 2 ±V210 

* * A, 22 

But the later value is inadmissible for h is not less than 


. A ^ 

• • " 1 — 

12. Let h be the height, a the semi-vertical angle 
of the cone (O, AB). Let h' be the distance of the water 


surface PQ from the vertex O of the cone. 


The resultant vertical thrust on 
the curved surface 

“Weight of the superincumbent 
liquid. 

“Weight of the liquid in the 
cylinder RABS whose base is AB 
and height (A— A')— the weight of 
the liquid in PABQ,. 



“[rtr* (A— A')— iw (A3— A'3) tan* «] w 
Weight of the cone=j7c (A»— A'») tan* a . w. 
Gone will be on the point of rising when 
tcA* (A— A') tan* v. .w (A®— A'*) tan*a . w 

(A®— A'*) tan*a . w 
A* (A-AO-i (A®-A'®)“i (A»-A'®). 

A* (A-A')-f (A®-A'®)=0 
(A -A') [f (A*+A'*+AA')-A*]“0 
(A-A') [2A'*-A*4-2AA']“0 
either A— A'==0, but A/A' 
or 2A'*-A*+2AA'“0 

V_-2A±V4A»+M* _-A±-v/3 a 
4 ■ ■ 2 
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Since the other values being inadmissible. 

=^ 7 r A® tan* a.t£;.^[ 8 — 3 \/3 + 9 — 3 \/34"l] 


~ (3^3-94-3^3-1) J tan* aw 


. 7 c A® tan* a . w , i . (9 — 3'\/3). 
Weight of the liquid reqd. to fill the cone 

==J tcA® 


Hence reqd. ratio=- — ^ 

13 Let h be the height of 
cither cone, a the semi-vertical 
angle and W the weight of any 
one of them. The liquid (of 
intrinsic wt. w, say) will be 
on the point of escaping 
between the lower cone and the 
table when the vessel (double 
cone) is at the point of rising 
upwards. In this position the 
resultant upward vertical thrust 
upon the vessel (say F) must 

balance its lower weight 2W. 
on the lower cone is 


tan* a . w: 


Proved 



Now the vertical thrust (Fj) 


= Weight of the super-incumbent liquid 

^Weight of a cylinder of water of height | h and radius 
h tan a — weight of the liquid in the lower cone 

=enh* tan* a . w—\ nh* tan* aw 


=■ 5 - ttA® tan* aw. 
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Similarly vertical thrust on the curved surface of the upper 
cone which is in contact with the liquid is (F 2 ) 

=Wcight of the supcr»incumbent liquid 
s= Weight of the liquid contained in the upper cone 

7Z 

= i 71 . — tan* a A® tan* a , w. 

o 

In the position of limiting equilibrium, F=2W 
Also weight of the liquid which either cone can hold is 
W' = J tcA* tan* a . w 

W 2 

.*. Required ratio=:^,=^, 

27 

— tcA® tan* a . w 
__48 

J 7tA* tan* a . w 

-27 

16 ‘ 

Proved 

EXAMPEES VIII 

1 . Horizontal thrust on 
curved surface = pressure on cir- 
cular end 

X=w . Tca* h, I 

Vertical thrust 

=Weight of water displaced 
by the hemisphere 

Y = |7C fl* . w II 

IfR is the resultant thrust 
making an angle 9 with the horizontal 
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tan 0 = 
6 = 


Y 

X " 
tan 


-| Tza^ w 
w . na^h 



' 6 h 


2. Let the radiu? of the base 
is r and height h'. Resultant 
horizontal thrust in a direction 
perpendicular to the paper, 

= (rh') . h . w, 

— r hh' w. 



3. Horizontal thrust on half- 
cu ved surface VAPQ,= Pressure 
on the projection of this on the 
vertical plane VPQ, 

= whole pressure on A VPQ. 

~w . i . 2r . A . 

6 

rh^w 

O 



4. Let r be the radius and h the 
length of the cylinder. Let the intrin- 
sic weight of the liquid be w. 

This cylinder is cut off by a verti- 
cal plane through the axis. 

Horizontal thrust in a direction perp. to the rectangular 
face ABCD of half the cylinder 

= Pressure on ABCD 
==2r . h . r . w= 2 r^hw 
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Vertical thrust =wcight of the contained liquid 

7t»*A 

Resultant thrust=J r'^hw . VCTt^+lS) 

line of action made with the horizontal an angle 

tan 0 = “ 

4 


with the vertical an angle tan~^ — 

7C 

5 . Let h be the height and r the radius of the base of the 
cylinder. 

Vertical thrust 7 tr* . ,{w-\-2w) 

= i Tzr^hw 

Horizontal thrust = thrust on the vertical rectangular 
section 

—2rh . Y wi 2r • y ’ j 

—rh^w (1 -bl) 

= i rh*w 

If the resultant thrust making an angle 0 with the horizon 


tan 0 = 


r^hw 

4 

* . rh^w 


3nr 


0 =tan~^ 


Snr 

5k 


6. If k is the length and r the rad- 
ius of the cross-section of the pipe, then, 
W the weight of liquid which fills half 
the pipe 
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W Ar» 


Horizontal thrust on either curved surface 

®= thrust on the rectangle of length h and radius r 

—hr . . a; 

Ar* W „ 

" 

Vertical thrust on cither half 

=weight of the contained water 
nr*hw 


If 6 is the angle that the resultant thrust makes with verti 


cot 0= 


Vertical thrust 
Hcrizontal thrust 
W 

jr 

W"" 2 


e=cot-‘ 

7. Let a and k be the radius and 
height of the cone, w be the intrinsic 
weight of water. When the cone has 
been divided by a vertical plane through 
the axis, the vertical thrust 

s= weight of the liquid displaced by 
the half-cone 
Tza^hw I 
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and it acts vertically upwards through the G.G. of the semi- 
cone. 


The horizontal component in a direction perp. to the paper 
is zero, for the semi-cone is symm. about the vertical plane. 
Horizontal thrust 


^\(2a.h) A .w 


3 


w 


II 


Resultant thrust=^ ahw \/(7c^a*-f*4A*) 


If the resultant thrust makes an angle 0 with the horizontal, 
then 


tan 0 = 


rra® hw 
- «; 


Tza 

2h 


But 


7t tan a 


a 

h 


tan a 


0 = tan“^ 



8. Let the plane VAB divide the 
cone into two equal parts. It floats 
with its height h' in the liquid. The 
two parts are hinged at V . 

If CT be the specific gravity of the 
cone. 

the weight of the coi e 
= J tcA* tan* a . cw 
Upward thrust J tt//® tan* a.w must 
balance their weight. 
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J 'nh'^ tan^ «.w—\tz tan* a a w 
A's=A*c I 

The centre of gravity of the base of the cone is at a distance 
from the centre. 

distance of the C.G. of the half cone 

3 /4 . a\ 3 4k tan a h tan a 




Similarly the G G. of one part of the cone immersed in 
water i e. of liquid displaced= 

7C 

Horizontal thrust on half the curved surface 

2r' . A' h' tan a 

= — . ~ w 

Z 3 o 

and acts at the centre of pressure of the tiiangle i e. at a 
h! 

distance of from the vertex. 

The weight of half the cone = ^ tz}? tan* acra; 

= ^ Tzh!^ tan* <xw from I 

Now the two parts will not separate if the sum of the 
moments of the horizontal thrusts, wt. of the liquid displaced 
by half the cone is greater than the moment of the weight of 
half the cone about the hinge at the vertex. 

Therefore, we have 

A'® tan a h' , n h'^ tan* a h' tan a 

—3— ». 2+ g w. 


^ 7t A'® tan* a . w 


h tan (X 


h’ , T^h' tan* oc nh tan*a 
6 67t ’ 6 tc 


l+tan*«) 


Q 

> — tan* a. 
o 
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h' sec* a > 
or h' > 


. sin* a 
n . r- • 

cos* a 
h sin* a. 


9 . Water flow out when separated. 
Thrust acting downward on the base 


tcA* tail* a* hw . 
=-^ tcA* tan* a . w. 

Id 



Vertical thrust on the curved surface acting upward 
tcA* tan* a ^ icA* tan* 


w 


, 7 t A* tan* a . w. 


Resultant thrust in the vertical direction 
= — TtA® tan* a . a;. 

== Weight of the water contained 
Horizontal thrust = , 2h tan a . A . | Aw 

A* tan a . w 

it will act through the centre of pressure at P. 

VP=4 A. 

4 

The water will not flow out if the moment of the vertical 
thrust about the hinge is greater than that of the horizontai 
thrust. 

Hence the water will not flow out if 
1 - A tan a ^ 2 


3 
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or tan® a ^ 3 

tan a ^ 

.*. a ^ 60 

When vertical angle is greater than 120®, water will not 
flow out. 


EXAMPLES IX 


I. It is given 

tan 0=2 ; sin 0 


2 

V5’ 


cos 0= 


V5‘ 


Let the components of the 
remltant thrust on the curved 
surface be X and Y in the hori- 
zontal and vertical directions 
respectively. 

By Archimedes* principle 
upward thrust on the solid = weight of water displaced 

2 3 

==— Tta® w 
6 

when w is the intrinsic weight of the liquid. 

Thrust on the plane base 

=7ta* . a sin 0 . w 



X 


3 2 

=7ca“. w 

V o 

2 3 

— w 


Hence resolving horizontally and vertically, we have 


Y Tta® w cos 0: 

V5 


Tta* w 


1 


3 T 

'■TV Ttor w I 

lo 
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X=s+ “ jra® w sin 0= — - . 
V5 V5 


Tca* w 


V5 



z& .... 


II 


Resultant thrust on the curved surface, R=-\/(X*+Y*) 
.*. R=k "ko? w . W + 1 ’ta* w 
==2 (frca* a;) 

=2 (weight of the displaced liquid). 

2. In the equilibrium posi* 
tion AG should be vertical, and, 
therefore, the axis would make 
an angle of 45“ with the vertical. 

Since OA— OG=Ar and /.AOG 

=90“. 



Thrust on the upper face AB is 

Pi==75r* . r sin 43 . te 
wr* w 

” w 

Thrust on the lower face CD is 

Pa=ttr* (r+2r) sin 45“ w 
3 nr’ w 

SES 

V2 

Now suppose that the resultant thrust on the curved sur* 
face of the cylinder is R and it makes an angle 9 with the 
horizontal. Then, 

Rcos 9 + P, cos 45=P2 cos 45 (resolving horizontally) 
and —(R sin 94*^1 45)4-Pj sin 45=Total resultant 

s=Vertical thrust on the cylinder 
=Weight of water contained 
«anr* . 2r . a;»=2nr*w. 
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This gives 

R cos <p=>(P 2 — Pi) cos 45 = 


2 itr’ w 

y/T 


I 

V2’ 


:wr w 


and R sin 9 = — 2 7 cr*w 4 -(Ps~Pi) sin 45®. 


= —2v:r^w-\- 


27rr® w 1 


-=— nr'* w. 


V2. V2 

which shows, horizontal and vertical comp, of the resultant 
thrust is equal to half the weight of the contained water. 

3. If A be the highest point 
of the rim, O the centre of the 
plane face and G be the 
centre of gravity, the AG must 
be vertical, 

A 3 

tan 0 -^Q g 

Thrust on the plane end 

=7ca* . a cos 0 . w. 

8 



=710^ 


W. 


• V73 

Thrust on the hemisphere = weight of the contained 
water. 

2 8 

= y 

8 « . 8 8 


X==Ka* . - . w . cos 0»»rta* . 

64 3 

«_.7ca3w 

8 2 

Y=7ta3 ^ __ vv . sin Q+y na^w 


V73 * * V73 




-rs+i] 
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Y_ 218 73_ 109 

tan 9- ^ 73^3 Xg^ gg • 


9s=stan“' 


109 
96 ’ 


4. Let 2a be the vertical 
angle of the cone, the inclination 
of the plane base to the vertical 
is a, and hence the thrust X on 
the plane base 

X— Tca* . a cos a . w 
Hence required horizontal thrust on curved surface 
=X cos a=7ta*w . cos® a. 

Vertical thrust — X sin a 

= downward vertical thrust on the whole cone 

= weight of the contained water 

— “ 7CO® hw—W 
6 

Hence the required vertical thrust 

=-5- a* hvi+it /i®w sin a . cos a. 

0 

1 txKT ^ * • cos a , ^ a 

=W+3W. r but -T-=tana 

n n 

=W+3W . sin a . cos a . tan a. 

«W (14-3 sin® a) 

Horizontal thrust=7Cfl®w . cos® a. 

=3w . cos® a 

h 

“Sw cos® a . tan a. 
ss3w • sin a . cos a. 
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5. Let the generating line 
OA is in the surtace. r, the 
radius of the base and a is the 
semi-vertical angle of the cone. 

Resultant vertical thrust V, 
on the whole cone 
=sthe weight of water displaced 

= 4- ur* A . 

O 

Thrust on the circular base 

X=7cr* . r . cos a . w 
==7cr® cos a . w. 



Hence vertical thrust on curved surface 
==V — X sin a. 

An i horizontal thrust =X cos a. 

If 6 be the angle to the vertical of the resultant thrust 
on the curved surface, thence, 

X cos a 


t»n 9 = 


V-X sin a ’ 


7cr“M; cos a cos a 


^ Ttr* h . w—nr^w cos a . sin a 

r . cos® a 3 A . tan a . cos* a 


— r cos a . sin « 


3 sin a . cos a 


A — 3 tan a . cos a. sin a 
3 sin a . cos a 


1 — 3 sin* a cos* a+sin* a — 3 sin® * 


3 sin a . ecs a . 
os* 

9 = tan~® 


cos* a— 2 sin* a 
3 tan a 


3 tan a . 
i — 2 tan* a 


1—2 tan* « * 
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6. Let (Vi AB) be the cone 
of height h and radius r. The 
cone floats with its axis in the 
surface and half its volume 
immersed. 

Resultant vertical thrust V 
==wcight of the liquid displaced 



«■— Tcr* . Aw 

0 

Thrust X, on the semi-circular base 

1 . 4r 

2 3 

= J ,3 W. 

If R is the resultant thrust on the curved surface acting at 
an angle 0 to the vertical, then resolving horizontally and 
vertically, we get 

R cos 0=“ Ttr* Aw. 


R sin 0=- 


r* w. 


tan 6s 


tan 6s 


Ttr* Aw 


Since 


stan a. 


tan 6=— . tan a 

K 
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7. Let the scroi'Vcrtical angle of 
the cone is a, which is filled with 
liquid be placed on the inclined plane 
at an angle ^ to the horizon. 

Resultant vertical thrust Vj of the 
water 

=weight of the water 
ttA* tan* a. . w 
AB will make an angle (a+P) with the vertical. 

Thrust on the plane base i.e. X 

tan* a) r cos (a+P) . w 

If R is the thrust on the curved surface making an angle 9 
with the horizontal, 

R sin 6-X sin (ot-f p)=aV 
R cos 0=sX cos (a-bp) 

.*• R sin 0 (vertical component) 

tcA* tan* a . iw+tcA* tan* a . A tan a X cos (a + p) . sin (a+p). 
««[a;4 3w . tan a . sin (a+p) . cos (a+P)] 

«aW [1 + ? . tan a . sin 2 (a+p)] 

R cos 0 (Horizontal component) 

=7rA* tan* a . A tan a . cos (a+P) cos (a+ P) . w 
=3w . tan a . cos* (a+P) 

8. Horizontal thrust 
in a direction perp. to 
OC is zero by symmetry. 

Horizontal thrust in the 

direction OG 

s= whole pressure on 

the projection of the curved surface on the vertical plane. 
«=7ta*. awa*wa*w==H. 

Vertical thrust V«b| n a*w. 
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Resultant thrust, R=\/(H®+V®)== rsa^w makes an 


Y 

angle 6 = tan“^ :Q-=tan~^ | to the horizontal and passes through 
rl 

the centre of the hemispherical end. 

9 . Let a be the radius of the sphere. «P ^ 

Let AOB be the diameter of the sphere divi- 

ding the sphere into two parts which are / j \ 

hinged at the lowest point A. f ^ Q . , U 

Horizontal thrust in the direction CD \ j 

will be zero by symmetry. \ \'j / ^ 

Horizontal thrust in the direction OE 

2 A *'V 

=7ra* . a . w ^ v 

= TC c?w» 

acting through P, the centre of pressure of the circle AOBD, 
such that 

BP=„+^=^ 

4fl 4 


and AP=2a— a. 

4 4 

Vertical thrust on the curved surface V 

= weight of the contained liquid 
-tza^w 

acting through the G.G. of the liquid contained 

t.e. G.G.*= . 

If T be the tension of the string at highest point B, then 
taking moment about B, we have 

T . AB-X . AP-V . OG= 0 . 



Examples IX 


[ 65 


T . 2a— n w 


*=7C or w 


3fl , 2 , 3fl 

— +f . 7c a w . — 

^ (l+il- 


=7t V/ . a 

7ta*w 


= g . (J 7C0®W) 

= 1 (weight of the water contained by 
the sphere). 

lo. The horizontal thrust on the A 

hemispherical shell AGB in a horizon- 

tal direction perp. to OG will be zero Iffz'fX 

because of the complete symm. of the ^ ■*’H 

curved surface of this portion about 
the vertical plane ABG. XX-A 

Also, the horizontal thrust in the ^ 

direction OG 

= whole pressure on the projection of the curved 
surface on a vertical plane through A 
— Ttr® . r . w=Tzr^w 

= 1 w', where w' is the weight of contained water 
The two hollow hemisphere will remain in contact if the 

/W\ 

moment of the weight of one of the hemispheres about 

the hinge A acting in the clockwise direction (tending to keep 
the two portions together) exceeds that of the resultant horizon- 
tal and vertical thrusts on this which tends to take them apart. 

But the moment of the vertical thrust V passing through O 
about A is zero. Hence the necessary condition is 

W r 

Y • y > i W' . r 
W > 3 W' 
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I. 


EXAMPLES X 

Let the volume of the man is V. 
Weight of the water displaced 

= ^ V Y 

V 12x12x127 


Xa^ 


12 X 12 X 12, 

But the condition that the man may float is 

nir)®- 

1 \ 125 


(V- 

c 
c 


160 


4327 

.-i-^^^=32 

4327 2 

_L=§1 

432 25 

1 


160 


64 

V=— + 
25^432 




2 . 


V=2 


6073_ 

10800 

Let V and V' are the volumes of the iron and cork, 
V' . iXto==l 

Also, Vx7xa;4-V' . i . a;=(VfV') . 1 . 

7 V«;+l = {V+V') w 
6 Vw=wV'- 1=4—1 
6 Vw=3 
Vw= J 

/. Weight of iron=V . 7w=5=3i lbs. 

3 . Let V be the volume of the body; its specific gravity 
one since it just floats in water. 

Therefore, 

V . l+42'5=Vxl-85 
V=-^^ 

•• -85 

=50 cubic ems. 
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4. Suppose <T= specific gravity of the gas compared with 


It is given, w=l*2 oz 
Therefore, 

* (7 . w+1 oz = ? . 1 . w 

1=5 

<T — -y = 4 

Weight of a cubic foot of the ga8_ qX 1*2 _ 8 •onO'S'^ 

Weight of a cubic foot of air 1000 15000 

5. Let V being the volume in cubic decimetres 
Therefore, 

V X *089 + 50000= Vx 1*2 
50000 


1*111 


Volume: 


50000 

' 1*111 


cubic decimetres. 


1*111 


cubic metres. 


=45 - cubic metres 

6. Let V is the volume of the iron and a being the specific 
gravity, we get 

275=-| Vx 15*59 

275x^ 

5x15^59 

=31 

1559 

Also 275 =-V (sw 

Since w = 1 
275 


275x5x15*59 

276x9 
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below the surface of the 


= —X 15-69 

==8-66i. 

7 . Let X feet be the depth 
water, we get 

X X r025=(x -1-30) X *918 
X (1-025— •918) = 30x-918 

27-54 41 ^ ^ 

8. Let V be the volume of the ship below the water line 
and X feet the ship rises when goes to sea water. 

V . 1 . «;= 1000x2240 

=(¥—15000 *)X 1-026 w 

Hence [1000x2240-w 15000*] 1*026 = 1000x2240 
1 000 X 2240 X *026 
•**' 15000 Xwx' 1-026 

= ’726 inch. 


9. Let W be the weight of the ship in tons, and V being 
the volume immersed below the water level. Also, let the 
area of cross-section of the ship near water is A. 

Let W tons be the weight of cubic inch of water 

41 

Weight per cubic inch of sea-water =^ w. 
for Equilibrium of sea-water 

W=V.^w 1 

for Equilibrium in river-water 

W=(V+fl . A) w II 

After discharging * tons of cargo 

W-* = [V+(a-6) A] w HI 

Subtract HI from (2), we get 
*=fcAw 
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Equating W from I and II 


(V+fl A) w=V . w. 

V ax 

— =A . a==-r- 
40 bw 


• V= 


40 ax 
bw 


40 ax 41 _ 41 ax 

bw 40 b 


10. Let X oz be the snow fallen. 

Originally length immersed = *81 =| feet. 

Condition for the equilibrium after the snow has fallen 

X 1*025 w= -“-X 1 . w+a:. 

5 D 

4 4 V ’09 S 

x= — . (1*025—1) w= ^ — X 1000=20 oz. 

11. Suppose V is the volume of the pomegranate wood 
and V' is the volume of the other portion. 

From the condition of floating bodies 

Vxl*35 w4-V'x*65xw=(V^-V'). 1 . w 
or V (1*35-1)=V' (1--65) 

V=V' 

Hence the volume of the two portions of wood are equal 
la. Let the specific gravity of the coik is a and V, V' are 
the two volumes 

Therefore, V ow= 19 and V' x 10'5 x w = 63 
Also, 19+63=(V4-V') . l.w. 
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13. Let the length of the iron portion is I inches. 

Then from the condition of the flo tin» bodies 

o 

/x7-5 W+2X21 w=(Ar-f 1) . 13*5 . w 
or Z, (13-5-7-5)=42-13*5. 

or 6Z=28-5 

/. Z=4'75. 

14. Let V be the apparent volume of the gold and V' the 
volume of the cavity. 

Therefore, (V-V') X 19 25=96-25 1 

and V X 1 =6 II 

/. V-V' =5 

V=6 

• V' = l cubic cm. 


15. Let V is the volume of the man and V' is the volume 
of .he cork. Therefore, 

Vxl-lXw=140 1 

and from the condition of floating bodies 


VxriXw+V'x-24Xw = {V+V') . 1 . w. 

- _ 140 1400 

from I, Vw=|7|-=— — 

from II, V'x*76 w=*l Vw 
•• '^“76 76 11X125* 

^ 0'9 


.II 


16. Let I be the length and 4r the external radius of the 
pencil and <r is the specific gravity of the lead. 

Therefore,- 

7tr*/X(Ta'+7c (16r*— r*) lx'7Sx «;=7c . 16r* . . l.rc 

O 
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(T+ 15x*78= 16 . 


8 


*7- 


a=14-15x*78=2*3. 

Let o be the specific gravity of the wood. 

Then clearly, specific gravity of the two liquids will be 

5 .3 

— c and — a. 

4 z 

When the liquids are mixed in equal quantities by weight, 
the specific gravity of the mixture is given by 

W+W 15 


W , W 


11 


I X a—x 


If X is the required fraction of volume immersed 
15 (t . 11 

rr *• * 15* 

i8. Let m be the mass of the solid, V its total volume 
and pi, pj, P 3 the densities of the three fluids. According to 
the principle of Archimedes the mass of a Solid floating in any 
liquid is equal to the mass ol the liquid displaced and so we 
have 

V V V 

Pi ~ L ‘ P» • Ps — f 

a 0 c 

Case I. When equal volumes, say V, of the tLree fluids 
are n ixed together, we have the mean density 

Total mass Vpi-f- Vpa-f-Vps Pi 4 Pa+P^ 

Total volume V+V-f-V 3 

Hence the volume ol the solid immersed in the fluid while 

floating on it is 

m 3 3 


Pi+P g+Pa 

3 


Pi -|-P8 -j..P3 


m 


m 

3 


m 


V V V 




. V. 
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Case II. When equal weights, say M, of each fluid arc 
mixed together, the mean density 

3M 3 


M , M , M 

— + T 

Pi P 2 Pa 


- 1 -+- L+-1 

Pi Pa Pa 


Hence the volume of the solid immersed in the mixture 
i. c. the volume displaced 


m 


a b c 


Pi Pa Pa 


i-+i+-L 

Pi Pa Pa 


= 'ri+i+±-iv. 

3 L « b c J 


b c 

19 . Let X be the mass of iron which is attached to the 
bottom. Therefore, 

=26. 

7*5 




26. 


7*5X26 

x = — > _ — =30 lbs. 

D‘D 

ao. Let X inch be the height of water that has to be 
poured in order that the level inside and outside is the same. 
Then the externally immersed height is (jr4- 1 ) inch. 

Weight of water displaced 

= 12x12X(x+1)x~ 3 lbs. 

Again, weight of the box + the water inside is 


{ 


-i|^^+10xl0x»x^|?j lbs. 
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By Archimedes principle, 

12xl2x(*+l)X62-5_ 15x62-5 . ^ ^ 

125 4X12 - + i: 

or 144 U4-l) = 15*36+ 100 X. 

44 x=540- 144=396. 

A x=9'. 

Hence the volume of water that has been poured in is 
10 X 10x9 = 900 cubic inch 
Externally immersed depth = 9+ I 

■= 10 inch. 

2i. Let AB be the rod of 
length 2a, density p and cross- 

section a. It floats in an in- 

dined position with a length 

. 2a rv-«i “ - — — — — 


out of water. The 




rcsultant thrust F of water acts 
from H, the middle point of . - - r 
BG. Also since the upward 
thrust = ihc weight of water displaced. 

F=2a « . g 

Resolving vertically 

2a(^l--i)a.g=»P+W I 

Taking moment about, we get 

2<i (l- ") " “ 


-yw.-- 


From II 


/, 1 \ riW 

C'-7}«=s^ 
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Substituting in I, 

1 

(n-1) P=W. 

22. From the previous question, 
n = 2 

W = (2-l) P 
W=P. 

23. Let AB be the rod floating 
with half of its portion BG inside 
water. If 21 be the length of 
the rod, a its cross-section 
and p the density, then 

Weight W =2 . /. ap^. Also 
the resultant thrust F of water 
acts from the middle point H of 



BG and is equal to the weight of the displaced water. 

F=/ . « . 1 . g 

A heavy metal weight W is attached at B. Taking moment 
about B for the equilibrium of the rod, we have 

, I 

I . g . -^ — 21 . ct . p . g . I 


24. Let 2 a be the length of 
the rod, a its cross-section, p 
the density and x the length 
BC that floats inside liquid. 
The resultant thrust F of the 
liquid will act upwards from 
the middle point H of BC. 
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Now clearly 


or 


W 

F=— +W 

K'+i) 


w. 


1 


Taking moment about B, we have 

17 \Ar 17 

F . =W .a or F= ^ — 

2 X 


Substituting in I 

2an 

. i 
n-h 1 

Now W= 2 a . a . and F=A:a . ag 

, F ArcT 2 a ncj ,, 

W 2 ap 2 ap(n 4 -l) 

Also from I, HI 

W n 

Comparing II and III 

na w+l 

p (f: 4 - 1 ) n 
p . (n-f- l)- = n^ a. 

Hence the rod will float in any position if the above 
condition is satisfied. 

25 . The bottle descends the air is compressed and occupies 
less and less volume so that the water displaced decreases 
and therefore the upward thrust diminishes. Finally there 
will be a position where the upward thrust of the water just 
equals the weight of the bottle, and here it will neither sink 
or rise. If immersed to a greater depth than this position 
it will sink. 

26 . Let A square feet be the area of the water-section of 
the ship, so that 

A . iS tv- 30x2240 1 
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Let W be the weight of the ship and V the original 
volume displaced, so that 

W=V .It; II 

and W-600x2240=(V-2A)Xit;'=(V-2A). 64...III 
Substituting in (3) from I and II, we have 

W-600X2240=®-^- W-2 x64x'-«^^240x 12^ 


. 3W=r 

•* 125 L 


4x64x30x2240x 12 


L 125 

_ r4x64x30xl2 
“L 3 

=5720 tons. 


~ 600 X 2240 


>J lbs. 


■200 X 125 tons 


* 7 . If * be the length out of 
the liquid 

Hence from Archimedes 
principle 

■nh* tan® v. , h . gg 
=7C (A® — Jc®) tan® a . ag 
A® p=(A®— *®) a 
. (o— p). 

-o-^r 

25 . VD — 7 inch 
AB=2 inch 
VK=3 inch. 

Volume of the conc=J 75 . 1* . 7 

7 

“s’* 

Volume of the portion of the 
cone out of liquid 
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__/■ 3 \*^7v:__9n 

~Kr) 

Volume of the hemisphere=fx 
From the principle of Archimedes 

343 

•** ®“2U7* 

ag. Let the density of the cone 
is cr and that of liquid 2cr. 

Since the axis of the cone is 
in the surface of the liquid, 
then half the volume of the 
cone is in liquid and hence the 



upward thrust of the li^juid just balances the weight of the 
cone. Hence 

itr^h { 2 a)=v:r*h . a 
i. e. Tcr*A , a=nr*h . o . 


Proved 


30. Let h be the height, a the semi-vertical angle 
and X the depth originally immersed, and w the weight 
of the cone. 

Since cone is hollow, its weight=7rA* tan a . sec a . w. 
Weight of the displaced water ==“ trr® tan* a. . w , 

When water is filled, the total weight of the vessel 
cbxA* tan a . sec a . ^ 
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And then weight of the displaced water 
= -g- tcA® tan* ct, . w » 

Therefore, 

7c tan a . sec a . ttap® tan* a . w=a — tcA^ tan® a . w, 

o 3 

or 2*®== A® 



EXAMPLES XI 


t. Let the specific gravity of the cylin- 
der is a 

Therefore, 

7rr*A<T=7tr® ^ . (’OOIS) 

TOO 13 

=•50065 

2. ABGD is the cross- 
section of the cube 

Let X be the depth in the 
lower liquid 
Hence 

lXT2=ArX T5 + (l-;»:)'l 

*2 = '5* 

x—h 

3. Let (7 is the specific gravity of Mercury. From the con- 
dition of floating bodies 

5-1432c=5-0697a+lXl 

-0735 
= 13*6054 
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4. Let V and V' are the volumes of gold and silver. From 
the principle of Archimedes 

Vxl9*25a;+V'XlO*5xw=-I| (V+ V') X 13-6a; 

10 

(V+V')xrx«^ 

ID 

or v[l9-25-*|xl3-6-iLJ=v[;|xl3-6+|^-10 5] 

ie. 1 03V = 37 V' 

Hence the required ratio 

_Vx 19-25_407 
V'xiO-5 618 

5* Let A be the cross-section of the block and h the depth 
of its lower surface below water’s free surface in the first case. 

Then for equilibrium 

Ax40 X-9 Xw = Ax hxw 

/. A =36 cm. 

In the second case, let the oil of specific gravity 0*6 be 
poured to a height x so that the depth ol the lower face ot the 
block below water-oil surface of separation becomes 40 — x. 
Applying the fundamental condition for equilibrium, we get 
A . Arx0-6-|-A(40 — a-) = Ax40 xO' 9 
•4x=40— 36=4. 

Ar= 10 cm. 

(40 — at) = 30 cm. 

Hence h — (40 — ;r) = 36 — 30=6 cm. 

i e. the block will rise through 6 cm. 

6. For the equilibrium of the body, the weights of the 
displaced liquid and displaced air must be equal to the weight 
of the body. When the air is removed, more liquid must be 
displaced and hence the body will sink. 
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7 . The density of the cylinder is np. 
From the principle of Archimedes 


■Kr*h «p==7tr* p-f Kr* 


OTp 




m-l- 1 



8 . The first condition gives specific gravity of the body= J 
Let * be the fraction o^ the body in water 

IXi ^Xl+(l-x) . 80X-00125 

9. Specific gravity of cube==|. 

Let * be the new fraction immersed, 

a:X l4-(l—;t)X *013 = 1 X^ = ’8 
;tX*987=*789 
789 
*“987 

new fraction x __5jc 

** old fraction 4/5 4 

^3935 

‘^3943 

10. Let X be the required depth of immersion, so that in 

the upper liquid there is ~ — x and in lower h — 

Hence we have for the equilibrium 

weight of the cylinder=weights of the liquids displaced 

A . h pg=A (4-*) Pif+A (*-’4+*) P* 

where A is the area of cross>scction 
Ap=Ap,+^-^ — (Pi— Ps) 


or 
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Clearly p < pj; for otherwise the whole of the cylinder will 
sink into lower liquid. Also x must be positive 

— — ^~p 2 +P must be positive 

P2 — Pt 




P > P2 — 



II. Let (V, AB) be the cone with 
its base in the surface. Let the length 
of the axis is h and x be the distance 
of the plane of separation from the 
vertex. 

Now, evidently the G.G. of the 

cone and these of displaced liquid are 
in one vertical straight line. 

Therefore, for equilibrium. 

Weight of the body =sum of the weights of the displaced 
portions of the liquids 

i.e. tan* a pg = ^ ttx* tan* a . <31^ 4-^ tr (A®— x*) tan* a G^g 

or X® (<Ti — Oa)— A® (p — cTj) 


Vi — CTa/ 


of h. 


EXAMPLES XII 

I. Tension of the string 

=Weight of the body — Weight of the displaced liquid 

Case 1 

18 


Tension = 18 — 


12 lbs. wt. 


Case II. 


1 O w O 

Tension=18 ^ — =6 lbs. wt. 

o 


2 . Tension == Weight of Platinum — weight of displaced liquid 

5 wt. of Platinum 


! weight of Platinum- 
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19 ^ wt. of Platinum ^ , „ 

^21 


=wt. of Platinum I 1 ■ 


5 19x13' 

’24X21 24x2i. 


= J weight of Platinum. 

3 . Let the volume of the silver is Vj and that of gold is Vj. 
From the condition ot equilibrium 

V, ( 10*5- (19-3- 1-5) 
ViX9-65=VaXl7-8 
Therefore the required ratio 

__V,X 10-5 _ 37380 
VjXl9‘3 37249 

A - 1 , 1 cwt. 

4. Apparent weight = 1 cwt, 


=97 lbs. wt. 

Suppose X is the required number of lbs. of wood 


». 1=112x55 


x= 145 — lbs. wt. 

I y 

5 . Let the specific gravity of the solid is a, 

* a 37 

a 37 37 

c=18*5. 
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6. Thrust upon the bottom 

= weight of the body — weight of the water displaced 
=^(30X1*5-30X1) 

= 15 grammes wt. 

7. Let Vj and Vj are the volumes of gold and silver. 
Weight of the water displaced «=(Vi + ¥ 2 ) w 

From the principle of Archimedes 

~ [VjX 1 9*25-1- V 2 X 10-5] w=(Vi-i-V 2 ) w 

Vi (19*25-l4)=Va (14-10*5). 

y?=^l25^^_3 

V, 3*5 2 ‘ 


8 . Weight of lead — weight of air displaced by the lead 
= wcight of wood— weight of air displaced by the wood. 

/. Weight of wood— weight of lead 

=wcight of air displaced by the wood 

— weight of air displaced by the lead 
= -}-ve quantity. 

Hence the result. 

9. Let Vi, V 2 be the volumes and cti, the densities of 
the two bodies A and B respectively. 


Vi C7 i = 2V2 (Tj I 


Also 

Vj (Oj— 1 )=V 2 ( 02 — 

Vl_ ^2— 1 

or 

V 2 a,— 1 
2 cto CJ 2 1 

or 

1 

1 

1 1 

J 

• 

Oj __ 2 ct2 

• • 

<jj — 1 cr2— 1 

But 

(7i=5/3 

• 

5 

• • 

i 1 o's A 
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. 5 

** aa-1 2 
• • ^ 2 — 

11. Case I. There will be no change since the displaced 
water runs over the side of the vessel. 

Case II. Thrust on the base is increased by the 
weight of the water displaced by the metal. 

12. The specific gravity of the wood will be f. Let V 
is the required volume of the metal. 


From the Principle of Archimedes 




^ 26x y+Vx8x I ^ W=(26-fV) W 
V=2 cubic inch. 


The upward force requircd = half the weight of the body 


= ^|_26.--+2-8 
42 „ lOOO 

“T^iT 28 “-**- 


•i] 


Xw 


875 


1728 


lbs. wt. 


i3. Case I. Thrust is increased by the weight of the 
displaced water. 

56 

Volume of 56 lbs. of iron = ^ — cubic feet. 

440 


Hence the weight of the displaced water 
56 125 
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Case II. Thrust is increased by the weight of the iron 
which is 56 lbs. wt. 

14. Let V be the volume of the body and x be the 
weight/unit volume of water. Then, 

W'=W~Vx I 

The weight in air (whose sp. gravity is given to be S) 
will be 


= W-V.S. X 
*«W-S . (W-w'). 


15. Let V be the volume of the body and w the intrinsic 
weight of water. Then, 

W'=W-Vu;+VSa; 

Since the weight in vacuum is W+VSw 
/, Weight in vacuo =:W+VSw 

_v+ 

“ ^ i-s 


16. Let W be the weight of the body in air (or vacuo) 
and w the intrinsic weight of water. Then clearly 


Wi==W-VSia; I 

W2=w-vs2«> ir 

W3=W-VS3«; Ill 


Since V is the volume of the body 


Subtracting III from I, we get 
Vw (Ss-S,)=Wi-W3 


W3 (S 3 -S,) = 


W2(W^-W3 ) 

Vw 


Again subtracting I from II, we get 
Vw (Si-Sg)=W2-W, 


Ws (81-83)= 


W3 (W2-W,) 


Vw 

w, (W3-W3) 
Vw * 


.IV 


Similarly, Wj (83—88) 


VI 
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Adding IV, V and VI we get 

{S,-S.,)+W^ {S3-Si)+W3 (5,-83) 

= 4^ [W, (W 3 -W 3 ) + W3 (W,-W3)+W3 (W,-W,)]-0. 

17. Let w, V and W, V denote respectively the weights 
and volumes of the two given solids. Also suppose that the 
densities of the three liquids under consideration arc p, P 2 , P 3 . 


Clearly we should have 

Wi = W — i>pi I 

W2='W — »P2 II 

W3 = W — Vp2 Ill 

W,=W-Vpi IV 

Wa=W-Vp8 V 

W3=W-Vp3 VI 


W, (W2-W3)+W2 (W3-W,)+ W3 (W,-W,) 
=V (w— Pp,) (p3— P2)+V (w— ppa) (pi— P3) + 

V (w— ppa) (P2— Pi) 

= v [W{(P3 — P2)4-(pl-p3)+(p2 — Pi)}— V{pi (ps — P2)4- 

P 2 (Pl — P3)'4"P3 (pS Pl)}]=0» 

EXAMPLES Xin 


1. Tension of the strings weight of displaced water - 

weight of the cork 

— 30 ^=(120— 30)=90 grammes wt. 


2. Volume of the wood = 


6 


15 


cubic feet. 


•8Xw 2w 
When the string is just about to break 
weight of this volume of mixturc^^S lbs. 

Let X be the final proportion of the whole barrel which 
consists of the fluid of sp. gravity 1*2, we get 
l§. r(l-*)xi +jyxl-2 
2w * I 1—x+x 


-|xw= 


8 
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or 

or 


15 
2 
15 

2 


(l + *2Ar) = 8 


; = 8 


If *> then the upward thrust of the disp’aced fluid 
would be too great and the string would break. 

3 . Required Force=upward thrust due to the weight of 
the additional water displaced. 

15 lbs. = weight of cylinder of water of length 18 inches. 

0 

Therefore required forces=-— X 15=5 lbs. wt. 


ozs 


4 . Total upward thrust on balloon 

=wcight of air displaced by ti e coal-gas — weight 

of the coabgas 

=4000000 [1*29- *52] 

=3080000 grammes 

Additional weight= (3080000 — 1500000) grammes 
= 1580000 grammes wt. 

5 . Tension of the string 

= 10xl-25x(l-,|g) 

= 12*5x oz 
146 

n 

= 11 ^ ozs. 

6 . Upward thrust=weight of displaced air — weight of 
balloon 

>»=^64000X^— 448o)lbs. wt. 

=480 lbs. wt. 

. A 1 • S 3 g 

Acceleration . 
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7. Take AB=AC=2/2 and /_ CAB=2a 

Given CE=J GB = | CM. 

The forces acting on the triangle in the 
position of equilibrium are 

( 1 ) The tension T, 

(ii) The weight W, 

(iii) The thrust F. 

Let AM = A, so that AG = | h. 

Now since GE=!| CM; DE = ^ AM. 

If the area of triangle DEG be A; that of the triangle 
ABG will be 8 A* Also if H be the G.G. of the figure ABEDA> 



we have 
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I. Let o be the specific gravity of the rod, and W be its 


weight, the weight of the displaced fluid is 


‘m 

3o' 


Hence, taking 


moments about the fulcrum, we get 

2 W 8 

Wx3=4-X ” (2+2)=-^ 
o a o 

8 


W 

a 


2, If the specific weight of 
water is w. 

If 2a is the length and K the 
area of its cross-section, 

W (Wt. of therod)==2’5 X 2a. K.w, 
V (the upward thrust) =aK. w 

If Ti and Tj are the tensions 
T,+T,+ V=W (1) 



Taking moments about C. 

Tj . a cos 0=V . ~ cos 6+T2 . o cos 6 

i.e., = (2) 


Putting values ofV and W in (1) and (2) 

Ti4-T2+aK«;=5aK . w (3) 

and T.=‘'~^+T, (4) 

X Ti4-T2=:4x2(Tj-T2) 

or 7T,=9T, 


I? 

T, 


9 

7 
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3. Let AB be the rod of length 
6a and cross-section a capable of 
turning about the end A. Let 
the densities of the rod be p, that 
of the water being unity. The 






G 


[w- - z-s 


of water, while the length BG=2o 

is in the water. The resultant thrust of water F acts from 
ft he middle point of BG. 

Hence taking moments about A in the equilibrium position, 
we have 

W . 3a=F . 5c 

But W=6fla . pg and F=«=weight of displaced water=s2ca . Ig. 

6ca , pg . 3a=:2aa . g . 5a 

whence p= 

4. AB is the rod of length 
2c with its length AG immer- 
sed in liquid and B being the 
fixed point. Let the rod 
make an angle 6 with the 
vertical. Let the end be at a 
height k above the free surface. 

,5, BGs=A sec 0. 

AGa=2c — A sec 0. 

D and G are the mid. points of AG and AB. 

A AG=c, BD=AB-AD=2c-J AG. 



:2c- 


2a— A sec 0 


2c-f A sec 0 
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The forces acting on the rod 

(i) The reaction at B. 

(ii) The 2apg . « through G, where oc is the cross-section 
of the rod. 

(iii) The upward thrust of the displaced liquid 
=(2a— A see 0) <jg9 through D. 

Taking moment about A , 

2epg a . BG sin 0=!(2a — A sec 0) or^a . BD sin C. 
or sin 0 [2ap . a — (2a — A sec 0) o . J (2a-|-A sec 0)] ^a=0 
or J sin 0 [4a®p— (4a*~A® sec* 0) o]=0 
or i sin 0 (4a* (p — al+A® a sec* 0]=0 
either sin 0=0 i. e, 0 = 0 
i, e, rod is vertical 

4a* (p— < j) 4 -A*o sec* 0=0 
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X. The meta-centre is a\ the centre of the ball. If a 
weight be placed at the highest point, the resulting centre of 
gravity is now above the centre, i. e. above the meta-centre. 
Hence the equilibrium is now unstable. 

a. The meta-centre is at the centre of the common base 
of the cone and hemisphere. The centre of gravity should 
not be above the base. Hence, if A be the height and r the 
radius of the base of the cone, therefore, 

3. Since the bodies are hollow, we get 
i ,2nr . Ix-^ < Srer* y 
1. 1 . 3 sin* a ^ cos a. 
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This condition is satisfied when a=45® 
but not when a=30®. 

4 . Wc know that the meta-centre will be at the centre 
of the base of the hemisphere. Hence G : G should not be 
above this centre. 

Let h be the height and r the radius of the base. 

Case I. v:r*h X -7^- < ^5“ • ■5“ 

2 . 0 o 

f* 

A ^ 



i. e. h ^ \ ry/2. 

Case II. 2 izrh X ^ 2 nr® X 

A* < r* , 

A ^ r. 

MISCELLANEOUS EXAMPLES XVI 


I. Let the base is inclined at 
an angle 6 with the horizontal. 
The resultant thrust of water 
will pass through the centre. 
Hence the moments of the w and 
W about the centre must balance. 


W . sin 05 =W . a cos 0 

O 


tan 0 


8tt; 

3W 
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a. Cone is in equilibrium under the forces of buoyancy 
and its weight only ; they must balance each other. But as 
the cone can float in every position, the centre of gravity 
of the hollow core must coincide with the centre of gravity 
of the displaced liquid. 

Again, the centre of gravity of the surface of the cone lies 
on the axis at a distance of of the height from the base and 
the centre of gravity of the base lies at the centre. 

Therefore, 

^ Ttr/ . ~ +7rr* . 0 

T nrl f Tif* 

1 3 

T~ i I 

4 l+r 

or 3/-f Zr=4;l 
l=Sr 
r 1 

ssa 

I 3 

Sin a=^, if a is the semi»vertical angle 
Vertical angle= 2 sin~^ 

3 . The pressure caused by the bar upon the two parallel- 
opipeds are respectively 75 and 26 lbs. wt. 

The total weight to press the larger one down thus 
5=175=3 X wt. of water displaced 

Therefore J of it is above the surface. 

Similarly the weight to press the smaller one down 
=75 lbs. = ixwt. of water displaced. 

Hence i of it is above the surface. 

4. Let the section of the prism is a right angled triangle 
ABC, given AB=AC and right angled at A and the point B 
in the water. Draw BD a horizontal line to meet AC in D, • 
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Since the sp. gr. of the body is 4 
A A ABD=i A ABC 
A AD-J AC. 

X tanABD-^ = i. 

X tan CBD=tan (45— ABD) 



tan 45— tan AB D __ f ~ ^ 
1 — tan 45 . tan ABD 1 + i 




Hence the required angle is tan~^ J. 

5 , Let the prism float with 
:he edge A immersed. Through 
C draw CK horizontal to meet 
AB in K. 

Then the weight of the prism 
will balance with the weight of 
the liquid displaced. Let Gj, G 2 

are the centre of gravity of A ABC and A ACK must be in 
a vertical line. Therefore AB which is parallel to Gi Gg must 
be vertical. 



Let a is the specific gravity of the prism. 
Hence, 

A ABGxAdw^A AGKx hxw 
A AKC^AK . KG|2 
'^■“A ABg"*AB.KC/2 

AK_6 cos A 

AB ~ 


Sin B cos A 
Sin C * 
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Similarly we can prove with vertex B in water 

£5 sin A cos B 

Sp. gr.= -T— 

sin 

6 . Suppose V is the vertex and VO is the axis of the cone; 
the point of the base on the surface cf the water and AOB the 
diameter of the base through A. Draw VD perp. to the 
surface of the water and let this surface cut VB in C 
X Z. AVD=0 

For equilibrium the centre of gravity of the fluid displaced 
(viz the cone VGA) must be vertically under the surface 
of the cone VAB. 

The horizontal distance from V of the first 


3 |^ DC+ DA 


3 sin (29-60) 

VA . cosO. X 5 — ^i—I 

8 cos 6 . cos (6— 60/ 


The horizontal distance of the first we get 
= 1 VO. sin (0-30) 

= f VA . cos 30 . sin (0—30) II 

Equating I and II, we get 


3 ^2 sin (0 

_X — 


-30) , cos (0-30) 


:sin (9—30) . 


VS 


cos (0—60) 

9 j^cos 0 . ^^-hsin 0 . ^ VS . cos (0 —60) 


»2 VS cos 0 - 1-6 sin 9. 


tan 9= 


VS 


7 . Let AOB be the section of 
the base of the hemisphere by 
the plane of the paper, A being 
the highest point and O the 
centre, and let G be the C. G. of 
the bowl. Then/ the weight of 
the bowl will clearly have the greatest effect when OG is 




96 ] 


Hydrostatics 


nearly horizontal, i. e. when AB is nearly vertical i. e. when 
the surface of the water passes through the lowest point B, 
and then 9 is the angle that OB makes with the horizontal 
or BG with the vertical. Taking moments about the point 
of contact, G, of the bowl and plane, we then have 

Wt. of water XOC sin a=wt. of bowlX(OG sin 9 — 
OG sin a) 

Since the weight of the water must pass through O. 

wt. of bowl a sin a 2 sin a 

'* wt. of water a . sin 9—2 sin a 

7- sin 9 — a sm a 


8 . Suppose V is the volume of the ball, AV the volume 
immersed and the weight of a unit volume of water. If T 
be the tension of the string, 

T=V<tw— AV«;, where (O^A^l) 
also T=W+AVw 

W=V<TU)-2AVa) 




,, oW 

The minimum and maximum values are given by putting 

ctW 


A =0 and A*=l. Hence the weight lies between W and 


0 — 2 


9. Whea wood of masses m 
and m' are tied to the bottoms 
of buckets as given in the prob- 
lem. Therefore the equations of 
motion of the two buckets are 
given by 

(M+»J) /=®(M -hm) g— T I 

and (M+m') /=T-(M-f m') g...II 
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We have assumed that the bucket with wood of mass m is 
moving downwards. 

Adding I and II 
/ ( m-m’)g 

^ (2M+ffi+m') 

Tension in the string attached to the mass m is given by 


r 1 1 

2M+m \-m‘ L ® J 

10, Initially, x being the length immersed, we get 

xai-{-{h — x) a^—h^. 

Finally x' being the length, 

*'CTt + (A— *') (73= Ap 

• x'— ^ ’ ^ ^P~*^3) ^A (gi— p )(cr3— gg ) 

•• O, — g, ffl — g3 (cfl — (<^1 — O 3 ) 

=cylindcr will rise through this distance 

11. Let a be the length of the rod and a length x of it be 
immersed in the liquid. 

Then the portion out of liquid=a— jc. 

Let p, g and g' be the densities of- rod, liquid and air 
respectively. 

For Equilibrium 

Weight of the roJ=weight of liquid displaced -1- weight 
of air displaced 

flp=Afcr+(a — x) g' 

nr 

or *= 


so that a— 


g— p 


1 
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If X the length immersed in the liquid then x changes with 
the density of atmosphere, so x is a function of o'. 

Ditt. I with respect to o', we have 
dx o — p 


da' (o — o')* 


. a 


or 


dx 

da’ 


n 

(o— o')* * a (o— p) 


is negative, this shows that with increase in o', x 


If p < o otherwise the rod will entirely sink in tl e liquid 
of density o. 
dx 

••• ^o^ 

decreases. 

i. e. the rod rises. 
dx 

Also, , , varies as (a— x)* 
da 

Hence the rate of rising is proportional to the square of 
the unimmersed length. 

*a. Let X be the length of the cork which is immersed, 
so that 

xw-^{h — x) aw=^hsw 
h (s—a) 


or x = 


1—0 


When air is pumped out, let x become 
,5, yw=hsw 

/. The cork will sink through a distance 

h (s—a) 


=y~x~hs— 


1 —a 


_ ha ( 1 — 

' I-V~ * 

13 . Let V is the volume and p the density of the body 
Vpg=Pjpig-|-(V— Pi)og I 

Vpg = P2P8g4-(V — Pj)<Tg II 

Vpg=P3Pag4-(V— Pjlog Ill 
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From II and III, we have 

(F3 Pa)Vp — P2F3 (Pj p3'~f"V (P3 Pg) cr 
or V (P3 P2) (p cy) = P2l*3{p2 Ps) 

Similarly we have 

V (Pi P 3 ) (p ( 7 )=P 3 Pi (p3 Pi) 

On adding them wc get 

P 3 P 2 (Pa P3)"l“P3Pl (p3 P2)'i'Plp2 (Pl P2) = 0 


P2 Ps I P3 Pi I Pi P 2 

Pl ~ P 2 P 3 

14. Let volumes be Vi and Va 

(ViCTj -}- Va<?2)it^ = fl I 

and [Vi (<Ti-l)-|-Va ((Ta— 1)] II 

and ( Vi+Va)it»=a— Ill 

From I & III 

(VjCTi-l-Vacra) (a— i) =( V, + Vj) a 
or Vi [(a— ^>)<ri — fl]=V 2 [a— i7a (a — />)]. 

Va a-or, (a-^) * 

15. Let W and W' be the apparent weights, and w the 



and 


or 


A 


W' 

W'- -r 
p 

W-W' VO 


P 

W-W 

w 


p Lp'-® p'-«j'J * 

' r (g— g') (p— p') "! / p'~g \ 

■*L(p'-'r)(p'-p')J vp-cry 


(q— q p (p — p') 
■(p'-q') (p-q)' 


=a positive quantity 


^ X former weight. 
(P — -g ) (p-“Cf) 
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16. Let the sp. gr. of air a='00125 and suppose the true 
weight of the water be W and the true weight of the weights 
is W'. Hence 

W'(.-i) 

=Tension of the string which supports W' 
=Tcn8ion of the string which supports W. 

=W (l~c) 

Hence the required connection applied 

_W-W'^W 

- w' W' ‘ 

1--^ ofl-l) 

P _1__V P_Z 

~1-C7 1-0 

—a , when a is very small 

=•00125 (>-84)=’0**25x|^ 

= nearly *1 percent. 

17. Let W be the weight of each ball, and *, y, z their 
specific gravities. 

Hence W (l-“^ ^=W (l-^^+W ^1-^^ 

1 

y z X (yj 

L+L-L^l „ 

Z X y 

^ 4- ' * * tTt 

X y z <ya 

,% Adding II & III 

2 1 j. 1 

* <^3 
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so that 


Similarly 


and 


_2_aj£3 
2 OiOa 
2 cr^Oa 


Ol+CTj 

18. Suppose the surface of the 
liquid cut CA, GB in D and E, so 
that 

GE=i CB=~ 


and GD = GE tan 60=-\/3 • 



A CDE^CD . CE 
A CAB CA . CB 



a . b 


4 b 

If the weight of the A GAB be Zw it may be replaced by 
W at each of the angular points A, B, C; also the weight of 

thd A CDE of liquid will be , 3W . • — and it may thus 

be replaced by each of G, D, E. 

o b 


Taking moment about G» 

W . CA cos 30-^^- . 4- 'W • CD cos 30 
0 0 

=W . CB cos 60-^ • 4 • W . 4 • cos 60 
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v/3 2-S/3 a 


tan 60 . cos 30= a 


2a/3 

3 


3ftv'3=2 y v/S + Sa 

2a®+\/3 at — Sb^—0 
{2a-V^b) (a + v'3^) = 0 
2a=\/3b 

a •\/3 
CA^ 2 
CB" V3 * 



19. Let the Lamina is ABDG. 
Let E is the fixed point, the middle 
point of the shorter side AG. Let 
CB be the diagonal in the surface 
of the liquid and A the vertex 

under liquid. Let AG = a 



and AB=a\/3 ^ ABG=30. 


Suppose p be sp. gr. of Lamina and a that of liquid. 

The weight of Lamina =a*\/3p. This wt. acts through 0, 
the middle point of BC. 

The weight of the displaced liquid=i a*\/3(y, and this may 
be replaced by — ^ — acting upwards at A, B & C. 

Taking moment about E, we get 

a*V’3pX . cos 50= 

cos 60+^-^cos 60+\/3 a cos cos 60 J 

a [4 cos 60+ cos 30] 

6 
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3a®p -^3 7 

¥“ * ^ 4 


Hence the downward thrust on E 
a^^yZa j 

= — 2 — aV3 P 
= ^ a*-v/3p — a*\/3p 
=T aV3p 

— 7 X weight of Lamina. 

20 . Let ABGD is a square of side c 

5 inches. Let the surface of water / \ 

through B cut CD in E, and let e / \ — 

Z ABE=«. JJT” 

So that sin a = |; cos a=§ a - 

CE = CB . cot a = 5 . I = V 

Area of A ECB=i .EC.CB ~ ^ 

1 18 7 S 

^ • 4 • B 

Now the upward thrust of the water is it) X area of DEBA» 
and is equal to it>Xarca of ABGD acting upward at O the 
middle point of AG, and w X area of ECB acting downwards at 
its C G. This latter can be replaced by V w at each of the 
vertices E, B, G 

Also the weight of the square is 25 pw at O. Hence taking 
moment about A, we get 

AG 25 

25 (p - 1) w^X . cos («+45) + “ 

[AB cos a+(AB cos a — BC sin «t 

—(AD sin (X— DE cos a)]=0 


8 (i-p) bg. [SSt!^*]=i0c<,sa-10.m«+- 


COS a 
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or 4 (1— p) (1— tan a)=2— 2 tan a+i 

9—8 tan a 


“'8 tan a— 9 

I 

"32-27’| 

_ tan a— 1 _ 

16 * 

_ 4-3 J 


• • P — TT* 

ai. Let ABGD be the rect- 
angle movable about C. EF is 
the horizontal line in which the 
surface of the liquid cuts the 
rectangle. BG=6, GD = a. Let 
BFE=;»:, ^AGB=0. 

Draw FM perp. to AD. Since 
EM, MF are equally inclined 
to the horizon, EM=MF=a. 

Since half the rectangle is in liquid, the surface EF of the 
liquid must pass through G, the G. G. of the rectangle. 

^ a6 = rect. AMFB 4 AEFM 
=x a-\-\ a* 

X * = i (i— a), and AE = ^ 

Let p and a be the densities of the rect. and liquid 
respectively. 

The weight W of the rectangle=flA^p and acts vertically 
downward through G. 

The weight W' of the liquid ABFM=flA: . a (b—a) ga 

and acts vertically upwards through the mid-point of AF. 

The weight W' of the liquid EFM=i EM. FM g(j= J a*ga. 

Also W* acting at the G. G. of the A EFM is equivalent to 
J W' at each of the angular points E, F, M. 

Taking moment about G, 

1 W' 

•^W AG cos (0+45) = — {(^•”*) cos 45+AG cos (0+45) 
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~a cos 45'*+(6— a— x) cos 45®} 


{AG cos (0+45) cos 45®} 


W 

272 


(b — x+ b — a — X — a + 6 — a — x) 


W’' 


W W' 

or y {b-a) =W' (^,_a_;c) + ^ (2b-a-x) 

W W' W' 

or — ib—a)=^ — (6— a)+ — (3b— a) 

or ^ (6-— a) pj»=~ a*(T (b—a) g+ — a (b—a) (3b— a) ag 

or b^ — \ ao- + i (36 — a)a 
, p 36 + a 

•• -- 4 '^— • 

aa. AB=26, AD=2a 
Let DAG*a« 

a . 6 

cos a== . „ ^ ---t sin a=a -;,-=== 

Va*-I6* Va*+6* r: 

Let the water surface cut DG 
in E and AB in F ; draw EK — ~ 

parallel to AD. ~ ~ H 

Also let AK=»DE*sx 
AL— G (given) 

Therefore from A ALF 
. a_AL_ G 
*»" ®~AF AF 






sin 0 


=AF«AK+KF^x+2a cot 0 1 


Also, Area of AKEF=i . 2a cot 0 . 2a»«2a* cot 0 
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The forces acting are 

Aab wc at O, the middle point of AC downwards, 

X . 2aw at the middle point of AE and upwards, 

, cot 0 . w upwards at each of the points K, E, F. 
o 


Hence, by taking moment about A, we have 
4 aba . . sin (6— a) 


— 2a* . 


2a sin 0 — * cos 6 , 2a® 


+ . cot 0 [(2a sin 0 — * cos 0) 

o 


—X cos 6 — ---i , . cos 01 
sin o 

A 4 ba [a sin 6 — b cos 6]=* (2a sin 0 — * cos 0) 

cot 0 [2a sin 0—2* cos 0— c cot 0] 
o 


~{~=~a — 2a cot 6 ')r — c cot 0 "1 

Vsin 0 /Lsin 0 J 

4-^ . cot 6 [2a sin 6— 3r cot 04-4a cot 0 . cos 0 1 

Substituting for * 

12 ba sin* 0 (a sin 0 — b cos 0) 

= 3 [c— 2a cos 0] [2a— c cos 0]+2a cos 0 [2<? sin* 0 
— 3c cos 0-f-4a cos* 0] 

=6 ac — 3c* cos 0 — 12a* eos 04*6 ac cos*04-4a* cos 0 . 

sin* 0—6 ac cos* 0-}-8a* cos* 0 
=6 ac — 3c* cos 0 — 4a* cos 0 (3 — sin* 0 — 2 cos* 0) 

=6 ac— 3c* cos 0— 4a* cos 0 (2— cos* 0). 

st3. Let the angular point, A of the square ABCD be under 
the water, and let AB be inclined at 0 to the horizontal. 



Examples XVI 


[ 107 


Let the water line meet AD, AB 
in E and F and let AE=x and hence 
AF —X cot 0 

From the condition of floating 
bodies, 

i ** cot 0=a*p. I 

a is the side of the square. 

If the weight of the rectangle be 3W, then the upward 
thrust of the liquid is given by W at each of A, E, and F. 
Taking moment about A, we get 

3W . cos (8 + 45)=W [x cot 0 . cos 0—* sin 0] 

3a fl • /cos® 0— sin* 0\ 

A ^ (cos e-,.n 6)=* . j 

or 3a sin 0=2 a: (cos 0-|-sin 6) 

or cos 0 — sin 0—0 



ie, 0=45 

9a* sin* 0=4x* (cos O-f-sin 6)* 

From I 

o ^ 

9a* sin* 0= — - . tan 0 (cos 0-f-sin 0)* 

(j 

9a sin 0 . cos 0i=»8p ( 1 +2 sin 0 . cos 0) 

9a sin 20 = 16p . (I +sin 20). 


sin 20 = 


9a— 16 p 


provided 16p < 9a— 16p i.€, 32p < 9a 

This gives two values of 20 each less than 180 and hence 
two values of 0, less than 90. 

One value of 0 has been found to be 45. Hence there arc 
three positions of equilibrium. 
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25 . Let W be the counterpoise, A the area of the cross- 
section of the cylinder and / and a its length and density, K 
the total length of the chain and w, its weight per unit length, 
and yet be the length of the chain between the pulley and 
cylinder when a length x of the cylinder is in the water. 

Then W+(K— _y) Wi=hlaw—Axw+yWi I 

Also, if h be the height of the pulley above the water, then 

h=y-\-l-x II 

Substituting for_j» in I, we have 

yf^Alaw-Axw-^Wi (2A+2x— 2/ — K) 

This equation is true for all values of x i.e. the cylinder 
will rest with any length immersed if 

W*«A/ot«+a;i (2A-2/-K) 

0 = — Aw+2wi 

t A-— ‘ 

w 

[2A-K-2/ (l-o)] 


26. Let O be the centre of fixed sphere, O' that of the 
movable hemisphere, and A the point of contact. Let 2f and 
r be the radii of the spheres. 


The upper body of solid would be in stable equilibrium if 
the height of its centre of gravity above A were such that 



. L 2r 
t.t. A < -^ . 


i.e. > 


2r 


Now when the upper hemisphere is turned slightly, the 
water thrust on it still passes through the centre O'. Hence, 
as far as the question of stability is concerned, we may replace 
the water by an equal weight at O'. 
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Thus, if W' be the weight of the water and W that of the 
hemisphere, we have, since the C.G. of the latter bisects AO'. 


W'Xr+W . 


W'+W 


Hence 


W' < 


ue, 3W'+-y < 2W'+2W. 

W 

2 * 


EXAMPLES XVII 


1 . 


Weight of the water filling the bottle=a 187*63— 7*95 

= 1 79*68 grs. 

Weight of the liquid filling the bottlc= 142*71 — 7*95 

= 134*76 grs. 

Hence the specific gravity of the given liquid 


134*76 

coni 

179*68 


=•75. 


a. 


Weight of the water =983 grains 
Weight of the Alcohol=773 grains 


773 

Hence the sp. gr. of the Alcohol =^-^=*7864, 


3 . Weight of the solid (iron) = 10 gms. 

Weight of the bottle when full of watcr=44 gms. 
Weight of the bottle when it contains the solid and is 
filled up with water=52*7 gms. 

Hence 

62*7— 44= wt. of the solid — wt. of water displaced by the solid. 
Weight of the water displaced by the solid 
= 10+44-52‘7=l*3 gm. 

Hence the sp. gravity of iron 

^ Weight of the iron 
Wt. of displaced liquid 
10 . 
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4. Weight of the water displaced by the solid 
=38*4+22*3-49*8 
= 10*9 grms. 

Hence the sp. gr. of the solid 
^ 22*3 
10*9 

=2*0458. 


5. Weight of the water displaced by the solid 

=212+50-254 
=8 grains 

Hence the sp. gr. of the metal = Y =6*25. 

6. Let the weight of the bottle be W. 

When filled with water, let the weight be W'. 

When filled with the given liquid, let its weight be W'. 


Let CTj be the real sp. gr. of the liquid, and 0 that of the 
substance of which the weights are made. Let a be the 
sp. gr. of air. 
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1-525. 


EXAMPLES XVIII 

1 . Weight of the water displaced by the body = 732 — 252 

=480 grammes 

From the principle of Archimedes 

o , . , weight of the body 

bp. gr. ol the sohd = — r r i / 

weight of the displaced water 

^732 
“480 

2 . Weight of the displaced water = 2*4 — 1 - 6='8 

2'4 

Hence the sp. gr.= 

*o 

3 . Weight of the displaced turpcntine = 3 — 1 86=1*14 
Specific gravity of the cupric sulphate 

_ wt. ot cu pric sulphate 
wt. of displaced water 

wt. of cupric sulphate^ / wt. of turp. displaced \ 

wt. of turp. displaced \wt. of water displaced/ 

^ 3 

1-14 
3 



1-14 

O 6 


Xsp. gr. of lurp. 
X-88 


Weight of the displaced Naphtha = 432-5 — 9 

=423*5 grm. 
wt. of potassium 


Sp. gr. of potassium! 


wt. of displaced Naptha 
sp. gr. of Naptha. 

432*5 

X*847 


423*6 

5. Let w be the weight of lead in air. 

Then the weight of water displaced' by the lead and wood 
•SW4-120 — combined wt. in water 
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120-20* a;-M 00. 

Hence the weight of water displaced by the lead* a;— 30. 
Hence the weight of water displaced by the wood 
=(a;+100)-{a;-30)*130. 

. Q • f . 120 12 

i Sp. gravity of wood^y-^—Y^. 


6. Weight of solid in water*6— 8= — 21b. 

Hence weight of water displaced by the solid 

*4-(-2)=61b. 

Hence 

sp- 

7, Let a be the sp. gr. of the attached substance 
Therefore 

200=200 ^1_-L^f300 (1-1) 
200=200-— +300-60 


200 5 


8 . Let a and o' be the specific gravity of glass and alcohol. 


Therefore, 

vZI 

II 

CM 

J-Y.. 

or 

\ 

22 1 

47“ o 

o J 

or 

1 . 22 
o 47 

^25 

“47 

Also, 

25-8=47 (l 



V 

25-8 o' 

47 T 

0 J 
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or 


^^• 8 ^ 21*2 
a 47“ ' 47 


21-2 

-' = T7-^ 


47 

25 


==•848 

9. Let cr be the specific gravity of the olive oil. 
Therefore 


1 = 1 - 09 (^ 1 - 

1 = 1-09-(t 


) 


c 

11-4 
(jj)9) 
11-4 

1 1’4 


•09 

"“ 1-09 
a = -9413. 


X 1 1-4 


10. Weight of water displaced by glass 
=665 8-465*8 
= 200 gni. 

Weight of sulphuric acid displaced by glass 
=665 8-297 6 


= 368*2 


Sp. gr. of sulphuric acid = 


368*2 

200 


= 1*841. 


II. Weight of water displaced by sugar and wax 
=40 + 5*76-14*76 = 31. 

5*76 

Therefore, weight of water displaced by wax = = 6 

Weight of water displaced by sugar 
= 31—6=25 

,*, Sp. gr. of the sugar=|g== 1*6. 
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12 . Weight of water displaced by copper and wax 

= 72+18-62=28 

18 

Weight of water displaced by wax =20 

Weight of water displaced by copper 
=28-20=8 

Sp. gravity of copper=Y“=9* 

13 . Let V be the volume of the marble and o the specific 
gravity of the oil. Then we know that 

V (2-84)-V=92 

V (2-84-l)=92 1 

V (2*84)- Va=9 8-5 

V (2*84- a) =98-5 II 

Dividing I by II 

2*84-1 __ 92 
2*84-<t' 98*5 


or 

or 


1-84 


=92 


2*84- a 

1*84=92 (2*84-0) 

92 0=92 (2*84)- 1*84 

92 

1*84* 


o=-87 


V= 


=50. 


14 . Let V is the volume and o its specific gravity 
Vo--8V=18 
V (o-*8)=18 1 


Also, Vo-l*2V=12 

V(o-l*2)=12 II 

Divide I by II 

c — *8 _18_ 3 
o-l* 2 ’“l 2 '“ 2 
2c -1 *6=30- 3*6 
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From I 0=2 

A V( 2 -‘ 8)=18 

•, v=— =15 

''-12 

True weight= 15 x 2 = 30 . 

15. If W and W' be the true weights of the sinker and 
substancfs and o and o' their specific gravities. With the 
usual formula, 

w(.-i)+W'(l-i)=4W' I 

and W 


^1- -L^= 5 W' II 


Subtracting II from I 
W' 




-W' 


'-5V = -l 


V =-2 




16. Let o and o' be the specific gravities of the body and 
the liquid, then 


4 W 


(l-l)=w. 


or 


4-. - = l 

a 


Also 


o=J. 


W 





116 ] 


Hydrostatics 


17* 


Hence (7==|^ and er'=il 
Weight of water displaced by the crown = 


Ji 

19*2 


Hence, weight in water=7J 

^15 

2 


_ 

19-2 
^ 192 




= 7^’, lbs. 

Let the crown contained x lbs. of gold and_y lbs. of silver. 
*+^=7i I 


X y 

Also .■7rx+T^^ = wt. of displaced water 

192 10*5 ^ 

. X I ^ 1 8 

i-e. Y Si'T? 


Solving I and II we get 

96 . 63 

Ar=j^aDdj,=3j. 

i8. Let W be the weight of the body and w being the 
weight of the sinker and body together when placed in water. 
Let (T| be the true sp. gr. and D that of the “Weights.” 


Hence, 


Also 

.1. 


1 —It; ^1— wt. of body— wt. of displaced water, 

(l- i)=w(,ofbody (l- V.) 


W I 

it;_wt. of body— wt. of displac ed water 

^ wt. of body ^1 — 

1 1 ^ wt. of displa ced water 

, a , a wt. of the body 


I. 
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Also 


From I 


W 

Y/-W 

1 


= 1 


w 

'W 


1 A IN < T ,-1 

^ j <^iJ cr, — a 


CTi = C7— a (<T— 1). 

Hence this result is greater by an amount a (cj — 1 ) 

EXAMPLES XIX 

I. Let the required volumes be V,, Vg, V 3 below the 


graduation 

volume. 

1 , 1*1 and 1 * 2 . 

Also, let w is weight of 

Therefore, 



ViXo;= iV 
but Z 4 ) = i»i 

I 


• Vi= — 
“ ' 16 



2x 12x i2x 12 ... . 

cubic inches 


cub. ft. 


= 3*456 cubic inches. 
Similarly V 2 Xl*lw=iV II 

^ 16 11 125 1100 

*=31418 cub. inches. 
¥ 3 X 1 * 20 ;= A Ill 

16^12^125 ‘600 


Also 


12x12x12 


600 

= 2*88 cub. inch. 


cub, inches. 
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2. Let w is the weight of the common hydrometer and 
V its volume. Also, let a is the sp. gr. of milk. Therefore, 

‘ 

•• 10^ 90 100 

3 . Let W is the weight of the hydrometer and V its 
volume. Let A is the area of cross-section. Suppose it 
exposed x inches in a liquid of density 1‘3, Therefore, 

W=(V-4A) X 1-2W=(V-8A) X 1*4W=(V-«A) X 1-3W...I 

1*2V-4*8A= 1 -47- 1 1*2 A 
•2V=ll-2V-4-8A 

2V=61A II 

Also 1-2V-4 8 A= 1*3V- 1 3 xA 

V==l3xA-48A=(13x-48) A 
2V 

V=(13x-48) . 

2 (13x-48)=64 
13x-48=.32 

l3x=32+48=80 

80 c 2 . , 

13 

4 . Let the weight of the hydrometer is W and V its 
volume. 

W=Vx 1*6W=(V+A)X l-3W=(V-f 2A) oW I 

where a is the sp. gr. corresponding to the highest mark. 
1*6V=:1'3V+1*3 A 

3V=13 A II 

Also l*6V==oV4-2<r A 

(16- 10a) V=20a A. 

3V 

or (16-lOa) V»20a . — 
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or 13 (16-10a)=60o 
190 0=208 

5 - Let X cubic cm. be the unimmersed volume. Therefore, 
(12-;«:) (•85)=9 
85 1020- 900= 120 

120 24 , 7 . 

85 

6 . If W be the original weight, and *W the weight lost. 


Hence the volume lost is 


*W 


where a is the sp. gr. of the 

substance of the bulb. If V be the volume below the point 
which is now in the surface of the water, we know that 

W=Vx 1-002 w I 


Also 


\ <y w/ 

W(l-*)=fv--— ^ . 

V a w y 


w. 


.II 


w 


X .W . (1-002) w 


a w 


] 


w • 


V . ( 1 - 002 ) w (I— *)=rj^V- 

1 002 (l-x)=[^l- * J 

1-002 <7- 1 002 . (j;c=a- 1-002 ;e 

* (1-002 a-r002)=(7 (I 002--1). 

_ -002 / <J \ 

062\< j -1 ) 

7 . Let A' is the area of the cross>section. Let the 
sp, gr. of C is 9 and W is the weight ol the hydrometer. 
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W=(V— 2A')X-8a>^(V-3A')X-85 a;«iV-4A') aw...l 
0-85 V— •8V=2-55 A'— 1*6 A' 

5V=95A' II 

Also, •8V-l*6A'=V<y-4(iA' 

or V (10o-8)=(40a-16) A' Ill 

A V(10a-8)=(40(T-16)gJ 

190c7-152==40 (j-16. 

150 <7=136 

cr = il4=’906 nearly. 

8 . Let Cl and Cg be the specific gravities of the two 
liquids. 

From the condition of floating bodies 

(8+2) oz=V . Cj I 

(8+5) oz=V . cj II 

Dividing I by II 

Ca 13’ 

9 . Let the specific gravities of the twj liquids be Cj and 
Hence from the condition of floating bodies 

4| + 2=V . cj 

V~v .Cl I 

Also, 4|+2|=V.Ca 

V=V.c, II 

Dividing I by II 

^^27 S 

Ca 4 * 57 
57 .9 

10 . Let X oz is the required weight to sink it to the fixed 
mark. 


3|+li=V .1 . W 

V=v. w 


I 
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3|+;c=V.(2'2) . W...II 

V + jc=2*2X V 

11 11 15 

2 * 5 4 

^ 1 2 1 __ 1 5 ^242 — 7 ^ ^167 

“ IF T ~ 20 20 

11. Let W is the weight of the hydrometer, Wj is the 
weight of solid and a is the sp. gr. 


Therefore, 


W+W,+12=W+W, ^l--^^+16=W+22 

Wi=10 

10 (l— ^^+16=22 


a 

a 


<t = V=2-5. 

la. Let W is the weight of the hydrometer, Wi is the 
wt. of the substance and cr is the sp. gr. Therefore, 

W+1250==W+Wi+530=W+Wi (^1— ^^+620 

Wj-720. 

Also 1250=720 (l— ^)+620 

720 

or 720- -=63P 

a 


720 


=90 


T »0 , 

or= T-ff ' 


> 8 . 
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13. Let X oz. is the required wt. placed in the lower pan. 

2=;r (1-i) 

X— V* =2^ oz, 

14. Let W be the weight of the hydrometer, where V, V' 
are the volumes of the immersed and unimmersed portions. 
Let Oj be the marked specific gravity, hence, 

W=V I 

When it is used in air, it sinks to the same level in a liquid 
of specific gravity Oj. 


V V' 

V' 


CTi = cr2-f 


V 



a 


o' V' 
or — 

o V 

15. Let W and V be the original weight and Volume, 
and W', V' the weight and volume of the part chipped off. 

Let xA be the volume out ol the liquid down to the mark 
which properly corresponded to a density a'. Then 

W=(V-A;c) also W-W'=(V-V'-A*) a 
. W_W-W'_„, , 

a' a 

Similarly, 

w w-w 

r p 

A„o. 

y r 

Hence from I and II 

w[i-T-F+FJ+'^'(i-T)=® '''• 
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From I and III 


— 4- + — 1+W' ('-1— -)=0 V 

La a Y YJ \a Y/ 


Hence from IV and V 


1 1 ■_ 1 / 1 _ 

a' P a ji' Y \ a' f.l^V Y \ “ 


v'= — (« -P) 

^ y (aP'-«'P)4-al3(«'-p') 

Y ' gp (g-p) 

^ y' («'p— aP') + a'P (a — P) 

EXAMPLES XX 


1 . Initially the level of 
Mercury is at P and Q^. Let the 
level of Mercury rises to R i. e. 

Q,R=K, and the level of 
Mercury falls one inch in the 
other leg, so that level of 
Mercury is two inches below 

the former i. e. at P'. Let x is the required depth of 
water. 

For equilibrium, pressure at P' and Q,' must be the same. 
2x l^'6xw=xxw 
*=27‘2. 

a. Let the water rises * inches in one leg when the 
other leg is filled with oil. 

For equilibrium 

2 

2;? a; = (*4-4) X-^ w. 

o 
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8 

3 


*=2. 

Hence the amount of oil poured in=A(+4=2-f 4=6 inches. 

3 . At the bottom of verti- 
cal tube pressure are equal. 

5 . i=4.l 

4=4. 

Because there is 4 inches water 
in one tube, 5" oil in the other tube. 2 " 

4 . Let the specific gravity of the liquid is a. The func- 
tion of the Mercury and liquid in one leg is one inch below 

the level of the Mercury in the other, and 8 inches below 
the level of the liquid. 

8X0=1 X 13*6 

0= ry. 

5 . Cross-section of A tube 
= 1 sq. inch 

Cross-section ofB tube=*l sq. 
inch. 

Let the levels of Mercury in 
the two limbs be P and Q, initi- 
ally so that P and Q, lie in the 
same horizontal plane. Also, 
let the level ol Mercury rise from Q, to T by 1* and that in 
left, fall from P to R when the water has been poured in left 
limb upto S. Then, 

PRxl = lX-l 
PR=»1=KQ. 
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If now, K be a point in the right limb in the same hori- 
zontal level as R, then 

l-lXl3'596Xg 
x=l'lX 13-596 

Since the pressure at R and K; being in the same horizontal 
plane are equal. 

a: == 14-9556 inch. 

6. Cross-section of A=2 sq. cm. 

Gross-section of B=1 sq. cm. 

X . 2=52 
Af=26 cm. 

Let the surface in A is lowered 
byj> cm. It is raised 2j> in the 

other, so that the difference between the levels is 3x, 

A 26=3xxl3 65 

26 40 

* 3 X 13-65 63 

EXAMPLES XXI 



1. Let the height be A in oil barometer. Since the pressure 
at the same place arc equal in both barometers, therefore 

•9 XA=77-4X 13-596 

. 77*4 X 13-596 

A *= :9 

= 1169-256 cms. 

2 . Required thrust on the circular disc. 

=Tc . (7)*X(5C00+1033) grammes wt. 

= Vx49x6033 
= 154x6033 
=929082 gramixies wt. 
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3. Let the specific gravity of Glycerine is a. 

26a=13-6xn 

13 6x30 4 

^ 26X12 ^13' 

Weight of buUet+ actual height X section of tubexSw 
=true height X section, of tube X Sw 
where S=sp. gr. of Mercury. Therefore 

wt. of bullet = section of tube X a; X Sit;, 
actual height =true height — x. 

4 . The cistern level falls through a distance 

2-5x1* 10 


Alteration in height=2'54-^ =2-623 cm. 

oi 

5 . The surface in the cistern falls a distance 

_(i)*xl _ 1 . . 

(f)* 81 

.*. Alteration = 1 + ^j^= 1 gj inch. 

EXAMPLES XXII 

I. Let the specific gravity of air at standard pressure is a. 
Hence 

760 

o=-001292. 

, 01 n 30-23 

se. New weight=310 X 


In areas in wt.=318 


=318 grs. wt. 

4 
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3. Let X feet be the required depth. 

Then ftom Boyle’s law 

PV== Const. 

(33+10)x3=(33+x) . 2 
129=66 f 2* 

2x=63 

;t=^=31 y feet. 

4 . Let X be the requiied depth from the surface 
of water inside the tumbler. Hence the pressure of 
air there is due to a depth (x 4 h) of water. 

Hence from Boyle’s law 

VXA=y (X4A) 



x=2A. 

In the case of the conical wine-glass, since volumes of 
similar cones are as the cubes of their heights, the new volume 
of the air 

= ^Xor ginal volume 
Hence Ax l==(x4A) 

X — 7hm 

5 . Let the height oi the water baremeter be h. 

Hence from Boyle’s law 

Vxh=>~ (A4 32-75) 
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*=4-+ (32-75) 

I =-f <52-75) 

A =*32*75 feet. 

6. Initially the level of the water outside and inside was 
the same. Let the tube be raised x cm. 

Then the level of the water inside is 

=x+25-50 

=x — 25 cms. above that outside. 
Hence the pressure of the contained air 

=76-(*-25) 

*»(10l— «) due to that of water. 

Hence from Boyle’s law 

25x76=50 (101 -r) 

/. *=63. 

7. Hence the pressure on one side 

=»6 X I X 15 lbs. per sq. inch. 

=56J lbs. per sq. inch. 

Pressure on the other side 



=22^ lbs. per sq. inch. 

When there is equilibrium let the piston be distant * inches 
from the centre. 

5X15 1X15 
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4 =^ 

12 

*= 8 '. 

9. Because the pressure of the atmosphere decreases the 
coal-gas expands till it again displaces its own weight of air 
and hence floats. 

If it had been quite full originally it could no longer 
expand and thus as it no longer displaces as much as its own 
weight of air, it would sink. 

10. Suppose X be the part of the weight that must be 
counter-passed. 

Pressure equivalent to I inch of water 

1 


1 . c.= 


12 


w. 


Therefore, 

60 




w 


x=60— 7c 


25^62-5 
16 ^ 12 


=34*4 

II. When the level of water inside the bottle is 11 feet, 
then the volume of the air is given by 

33 3 

T original volume. 

Weight of the displaced water 
=fxa;=15 oz. 

We know that 

wt. of bottle 4-5 oz= weight of water originally displaced. 
=20 oz. 

Weight of bottle = 15 oz. 

Hence when lowered, the weight of fcottle is just balanced 
by the weight of the displaced water. Hence it will just float. 
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When lowered the air becomes decreased in volume, and 
so the upward thrust of the displaced water becomes lessened 
and the bottle sinks. 

Similarly if it be raised the upward thrust is increased and 
the bottle rises. 

12 . The volume of the air decreased from a length a of 
the cylinder to a length (a—k). 

Hence the pressure of the air is increased to UV) w 


Hence the pressure at the base is 


(a+A) w-\- 



w—2 fa-f A) w 


2 M +2 ha 

k^ — 2k(h-ia)+ha-\-a^ — 0 


k— h-j- a-^-^/ h^-\-ah 

The upper sign is inadmissible ; since it makes 
k > a \ which is impossible 
k = h-\- a — \/ A® “1~ a A. 

13 . Suppose a is the sp. gr. of iron and A is the height 
of water barometer. 

The pressure of the contained air is given by 

7A 

= 6 -^ 

Hence 

2 / Ihw , \ hw 


The final pressure of air 

7 hw 
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287 hw 
210 
41 hw 
3b ' 


. 2 (AXhw . \_\\hw „ 

- kwy gg n 

A =5 30 and n = -^= 7-^. 

4 2 

14 . The pressure of the air inside the hollow cylinder in 


water 

=k—(h—x) 

~x-{-k — h 

From Boyle’s law 

AT (Ar4-A:-A4-H)=A . H. 
x^ + (K-\-k-h) x = U . h. 
which is the required equation. 

15 , Suppose the mercury have risen to a height x inches. 
The pressure of the air inside is equal to that of water at a 
depth 4^\ — X. 

Hence from Boyle’s law 


Solving we get 

15 

*“32' 

16 Let the height occupied by air is h, so that volume 
of the air is given by ( ) X original vo' ume 

Hence from Boyle’s law 

(Ay (34-f-34) = 34Xl 
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17 . Let the height of the cone is a. In the first case, 
suppose * is the length of the axis occupied by the compressed 
air. In the second case the whole of the cone is immersed. 

W 

** mW 4 -W 


a®=(l4-»n) 

Comparing the pressures at the common surface, 


h-\-x 

h-\-x 


a^h 


==13- = *+'” 


1 + 


* 

h 


= l-f m 



c? a X X 

Hence ^=m(l+OT)* o=mA(14»») , 

18 . When the vessel is pushed into water, let the depth 
of mouth is 13 feet, also suppose the air inside the cylinder 
occupy a length x. Hence 

x(334-13-8+*)=-8x33 

Solving, we get .■!=6. 

Let A be the internal cross-section, and therefore f A the 
cross-section of the iron. 

The volume of the water displaced 

=J Ax8-hAx6 = 12 a 

2 thrust of the water— 12 Are 

The weight of the cylinder 
a A 

X8x2a;=12 Am;. 

4 

The cylinder is just in equilibrium. If this cylinder is 
lowered further, the cylinder will sink. 



Examples XXII 


[ 133 


tg. Suppose n be the atmospheric pressure. If the piston 
sinks 2 ft., the pressure of the air under it=|- n. 

Let A be the area of cross-section of the piston. Hence 




2 Atc 


= 30. 


When the piston has sunk another 2 feet, the pressure of 
the contained air is given by 

==57r. 

Let X be the force applied to the piston in lbs. wt. 
Therefore, 

A (57t-7t)=x-f30 

4 A7c=x-|-30 
4x45=*+30 
*=180-30 
= 150. 

ao. Suppose the air occupy a Icr gth * in the cylinder 
at atmospheric pressure. 

The pressure of the air 

—nx 

Also 7t . (J)* (k* — 7l) = 62’57t-f TC (i)®. 3w I 

When the sphere is immersed in water, let the piston sink 
to a depth of_y feet. Therefore, new pressure of the air 


The effect of the immersion is to increase the thrust on 
the piston by the weight of a volume of water equal to that 
of the sphere i. e. by 

4 / 3 V 

3 "Vsy*"' 
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Therefore 

4 / 3 \3 

T <t) (2) 

Ifh is the height of the water barometer in feet, then, 
Tz—wh and m;=62‘5. 

From I, 

t: . i . wh (jf— 1) = WTC + ’t . J . Siw 
hix-l) = 7 (3) 

From II, 


• (^1 ^ ^ = Z<;7c4-7r^ . y Tt 

|(,”-0='+T+ll8 

fe-0“f 

h (at— H-^)== 2|| (1— j) 


or A(;c-1) + A^= 3 y ( 1 - 7 ) 

233 

or 7-f ^ 7 =— (1— 2 ^) 


233\ 233 


fhA. 233 \ 5 

or 7 (^A+-^j= 
or 7 (32 yi+233)=9 


^ 32 A 4- 233 

ai. Suppose x be the distance from the centre at which 
the pi'ton rests, so that the pressure of the air above and 
below it are 

n a , 7C a 

- — and . 

a+x a—x 
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Hence 


. r 7t a TT a T .... 

A — I=W sin a 

\_a — x a + xj 

/a-\-x—a+x\ ... . 

A . 7t a f -2 J^a ” * 


W . A. a . 


=W sin a 


a‘ — x" 

(2 Aa cosec a) x=a^ — x^ 
**-f-2Aa . coscc a . x — a® = 0 
;v= — Aa . cosec y/ costc® a 

EXAMPLES XXIII 

I. (i) Let the volume at 0°G is V, then 
76xV_ 100x80 
1 l+a.3u 

I 


76xV= 


where a=, 

8000 


^273 

8000x273 

303x76' 

= 94-84. 


(ii) We know that 

5 

% r\r\L -n ^ 


100‘F=4- <^00-32) °G 
y j 


3 atmosphere=3 X 76 cm. of Mercury 
Let the required volume is V. 

„ 3X3X76 


Vx76 = 


1+ _Lx?19 

273^ 9 
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. „ 9X9X273 

•* 2797 

= 7‘90... cubic feet, 
a. Let V is the required volume. 
Hence from Charle’s law 


or 


Vx51 _ 57x9 

l+a.l6 H-a.69 
VX51 _ 57x9 

lO- ^ ifi i-u®® 

^"^273 *^® ^"^273 

Vx51 ^^7^9 
289 342 


where a=r 


1 


273 


-^_57X 9X289 
51X342 

= 8 ^ cubic inches. 
3 . Let V is the required volume. 
Then from Charle’s law 


or 


or 


V x54 _ 15X32 
I'f’Ot ./ l-|-oc./’ 

Vx54 _ 15x32 
“i+78 39 ' 

^273 ^273 

Vx54 _15X32 
351 312 

15x32x351 

54x312 


= 10 cubic inches. 


4. Let the volume of air at the bottom is one cubic metre 
and V is the volume at the top of the mountain. 

Therefore from Charle’s law 


400 x V _ 750 X 1 

1+31" ,.X 

X 73 
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8 . Initially the length of Mercury in the cloyed limb be x, and 
h be the height of the Mercury barometer. When the Mercury 
poured in, the difference between the levels of the erds of the 
Mercury is 8 — 2 = 6 and the air has got a pressure ( 6 -f A). 

From Boyle’s law 

1)X(6-|-A) I 

When 11 inches Mercury added, the difference 
= 8+11-4=15 

From Boyle’s law 

*XA = (;>:— 2)X(15 + A) II 

Solving I and II, we get 

*=6 and A=30. 

9 . The difference between the readings of barometer 
= 762-700=62 mm. 

Therefore pressure is that due to 62 mm. 

Required prcssure=i4x 13"596 gram wt. per sq. cm. 

= 84*2952 grammes wt. 

10 . Case I 

The air occupisd length one inch and pressure one inch 
of Mercury. 

Case II 

Let A is the required height. Length of air=l+31— 29J 
i. e. 2^ inches and prcssure=A — 29J. 

From Boyle’s law 

2h (A-29i) = lXl 

A=29i+|=29-9 

A=29-9. 

11. Suppose, length occupied by the air in the barometer 
be X and nx the length it would occupy at atmospheric 
pressure. 

Therefore from Boyle’s law 

X X (30—29*8) =nxXS0 

1^= -L 

30 150’ 
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12 . If the surface of the Mercury be lowered y inches, 
then the air now occupies (2 ■\-y) inches and the pressure is 
y inches of Mercury. 

From Boyle’s law 

(2+j')Xji>=ix30 

^=3. 

Let the height of a correct barometer be h. 

Air occupied length = 30-|-2 — a;. 

= 32-Ar 

And the pressure = (A— a;) inches. 

From Boyle’s law 

(32-ic) {A-*)=Jx30 

A . 

*“*+“ 32 -, 

13 . Case I 

Let a; be the length of air and its pressure 

=30-4-29'8 
=*6 inches. 

Case II 

Length of the air=Af+*4 and its pressure 
=29-8-29*4 
= *4 inches. 

From Boyle’s law 

AfX‘6=(A:+’4)X‘4 
AT =’8 inches. 

When the faulty barometer is at 29, 
the air occupies ==29‘8 +*8 — 29 
= 1*6 inches. 

Let the true height is h, the pressure is (A— 29). 

From Boyle’s law 

l-6x(A-29)»-8x*6 
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A-29 


•8X'6 

T6~~‘ 


A=29-9. 

14. The length of the ajr=a inches and its pressuie 

= (c — b) inches. 

When the apparent reading is d inches. 

The length of the A\r—a-\-b—d and its pressure 

=\x—d) inches 
where x is the required ht. 

From Boyle’s law 

{a+b-d) {x-d)==a {c-b) 


x~d-^ 


a Jc-b) 
a+b—d’ 


EXAMPLES XXV 


1. Let i be the height of the ball. At a depth fl, let x be 
the length of the ball occupied by the air, and let h be the 
height of the water barometer. 

Hence we know that + x — h . b~Q 

where a=80, 6 = 6 and 6=33J. 

(804-33i)*— 33ix6=0 
or 3;t*+340x-600=0 

:v=r ~^70-f 10V307 


The pressure is given by 


174 VSO? 
h 10 


= 3'45 atmospheres. 

a. The ball being always kept full of air, the depth of 
the lowest point is given by 

x^h 31 

~~h 30 


,_A=± xis-Lx^® 

30 30 ^'^2 12 

= li feet. 


X 
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3 . Wc know that the rise in the pressure is equivalent 
to a rise in the water barometer, which is 

13-6 Xl2i „ ^ 

= 12 ~ 

25 

10 2x 12 

85 1 r * 

=--=14— feet. 

6 o 


4 . Wc know that 

x^-i-x ia-\-h) — h b = 0 

or X . b I 

Wc are given, b—9, A = 34, x-\-a—\l 


Hence 


(17+34) 
34x9 


x~ - 


51 


34x9 
= 6 . 


X 0 = 11 . 

X Depth of the bottom of the well =20 feet 
Let V be the required volume. 


From Boyle’s law 

(V+9x 25) X 34=225 (34+20) 
(V+225) 34=225x54 
225+< 54 

34 - 

,2250 

= 17 

g 

= 1 32 y-y cub. feet. 


V=' 


-225 


5 . Let V be the volume of air at atmospheric pressure. 
The pressure of the contained air=l’02x 100+34 

*136 feet. 
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Or 


400 V 750 


286 

V= 


280 

750x286_429 
400x280 224* 


Therefore the weight of equal volumes at the top and 
bottom are in the ratio 224 : 429. 


2 / / 

5. Initially the lengths occupied are — and — 


If the 


temp, be raised, let the piston moves through a distance x. 
Let P be the original pressure. 

The final pressures arc 

P(l+a0. ^ .-3 


2/ 


and P 


4-* 


I 

3 ' 3 ' 

Both these pressures must be equal 

21 


I 


P. (l+a<) 

2 (1 + af) (l-3x)=2l+Zx. 

or 3x (1 + 24-2 a0=2/+2/ a /-2/ 

2 I cf. . t 

9+6 cut 

6. Let the radius of the sphere is r, then the volume is 
Ttr®. If the radius is doubled, 

then the volume is = -^ n (2r)®= rtr® ^ . 2* 

If p is the original pressure and p' the new pressure, 
therefore from Charlc’s law 

. I __ p' . 7rr») . 2» 

1 1 +a • 455 

pLlI. 

1 + 151 . 

^273 
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or 

or 

or 


/»= 

/ = 


8 p* . 273 
‘ 728 

12S 

8x273-^ 

273^ 




t 

3 


7* 


P== 13-596x76x981 

V= ^-r cub. cm. = 1000 cub. cm. 
•fin I 


T=80 


^•00366 


1^280 

366' 


P.V__ 13*596x76x981x 1000x366 
T 129280 

=2870000 approx. 


8 . Let the length of the cylinder be 2a, so that the 
distances from the ends of the cylinder of the piston are \/2a 
and (2<J— \/2a). Hence the pressures of the air are 


7t , 7C 

V2 2- V2* 
W its weight, 


Hence if A be the area of the piston and 


W 




.1 


V2 V2. 

The temp, being raised from T to /j and respectively, 
the new pressure are given by 

na / a ti 1^9 


A ic[|— jJxA-W. 




.A. 
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1. The iron depresses the column of Mercury through a 
distance x in such a way that the weight of a length x of the 
tube of Mercury equals the weight of iron. We know that 
Mercury has nearly twice the specific gravity of iron that 
is why this depression is very small. While the air expands 
(i. c. forces the Mercury down) until its pressure differ from 
that of the external air by a quantity which is measured by 
the then height of the barometer. 

2. Suppose the length of the original vacuum is x inches. 

Length of the barometer tube = (A:-{-30) inches. 

Length occupied by the air=x+30 — 26 

*=(x+4) inches. 

This air has a pressure — 30— 26=4 inches. 

From Boyle’s law 

(x-}-4) Jx4=ix30 

V 1 

X — 1 

17 17 

Volume =x . ^ 

3. If the Mercury depressed by x inches, air enclosed occu- 
pied(l+*) inches length. The pressure of the air occupied is x. 

Hence from Boyle’s law 

(1+x) , X =1 X30. 
x‘+x — 30=0. 

.*. x=5. 

4. The pressure of the enclosed air=29 — 28’6 

=•4 ins. 

The length occupied by the air=33— 28’6 

=4-4. 

Let h be the true height. Then the air occupies 
(33— 29'48)=3’52 inch at a pressure of A— 29’48. 
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From Boyle’s law 

3-52 (A-29-48)«=-4x4-4 

A=29-48+‘^'<-^‘^ 

^ 3*52 

=29*98. 

5. The pressure of the enclosed air =28*5 — 27 

= 1*6 ins. of Mercury. 
The length occupied by the air=36— 27=9 inches. Let h 
be the true height. Then the air occupies 36 — 30 i. c. 6 ins. 
at a pressure (A— 30) inch. 

X From Boyle’s law 

(A— 30)x6=9x 1-5 
4*5 

A=30+|^ 


=32-25. 


6. Let X be the length of the tube of the faulty barometer. 
Then the air occupied is {x — 28) at pressure 30 — 28 i. e. 2 ins. 
of Mercury. 

In the second case the length=;c— 14'6 
and the pressure=15— 14*6=*4 ins. 

Therefore from Boyle’s law 

(4f-28)x2 = (Ar— 14-6)X-4 
*=31*35 


7. The difference between the levels of the surfaces of 
the Mercury =38— 4=34 inches. 

Hence the air is subjected to a pressure =34 + 29 J 

=63i inches of Mercury. 

Let * is the required length. 

From Boyle’s law 

*x29J=5x63J 


*= 


5X127 

59 "^’ 


10~ inches. 
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Hence from Boyle’s law 

Vx34=125xl36 
V=500 cub. feet. 

6 . The new pressure is that due to 344-17=51 feet of 
water. 

From Boyle’s law 

Original volume X 34=final volume X 51 

original volume 51 3 

final volume 34 2 ’ 

7 . With the usual formula 

** 4 -* (a-{-h)—b h~Q 
Then, ;r =8 ; ^ = 10 . 

Therefore, 

644-8(a-l-/i)-10 A=0 

32=A-4fl I 

When the air has been introduced, 

The pressure =(94- <*4-^) feet. 

Let V be the total volume of the bell 

(v+^,v)x*-j®jV.(9+a+A) 




II 


Solving I and II, we get 

h— 33 , a=\» 

8 . The volume of the air is reduced to i^th of its initial 
volume ; hence the pressure is V times the original. Let * be 
the required height. 

From Boyle’s law 

10 ‘*3 

*Xl3-5=^ X334 

9 4 

/. x=~fcct-33 4 inch. 
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The depth of the surface of the water in the bell 
= (V-'l)Xht. 

Water baromcter=3|» 

9. At time t, we know that 

**-{-* {a-\-h) = b . h 

If total air supplied in this time be V', then 


or 


dV’ 


V: 




(V+V') h 
da 


dV'_y 
dt 1 


da 

^--=»=const, 

at 


10. The pressure of air inside the bell 

=^h-\-nh — due to a depth of water. 

Let the bell contains air whose volume is Vj. 

From Boyle’s law 

|-v(A+nA-A^-V.X* 

19 '' 


^=-5(”+ i)''- 


II. 


With the usual relation 

x—h b. 

.1. 

X 

h b ^ 

a=3 h — X 

X 

Hence substituting the values 

^^ 1 . 2 A a 1 r** A 3.-1 

^ 3 ^ ^3 Li* ^ 4 

3 


or 


2 *-*-§■*= '3 [ I- 
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height of the cylindcr = J (height of the water barometer). 

I a. The pressure of the air in the diving bell is equal to 
that at the surface of the water inside of the bell, and there- 
torc is greater than that of water at the level of the top of the 
bell. Hence when the hole is made the air flows out. 

*3* The length x of the bell occupied by the air is given 
by the equation 

x^-i-x {a-\~h) — h b — 0 

where the symbol have usual significance 

i 47 + 34)-34X 10=0 
or x2 + 81 x— 340=0 


(a:+85) (*-4)=0 
A jc=4. 

The pressure of the inside air=4+47 + 34 

=85 ft. of water 
, . 85 5 

/. dcnsity = — . 

Let p is the sp. gr. of wood 

p.l = i.H-ia 

1+cr 
P 2 ’ 

Let y be the fraction of wood immersed in water 

5a 




0 -¥)= 


l + cr 5a 1— 4a 


2 
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-o-¥)(‘-r 

=(l — y) (l+ y) approx. 


2-3<t 

y= nearly. 

14 . The air occupied inside the bell=*16 — 4=12 feet. 

/12V 

Volume of the air==( jg 1 of its original volume 

= rl of its Original volume. 

Let h be the height of the water barometer 
From Boyle’s law 

|’(l2+33|-+*)-l .* 

A =33 feet. 

15 . The length * of the bell occupied by the air is given 
by the equation 

At*-}-* (a-\-h)—h. b=0 
' 3 

4A* , 2b , , ^ 

g +y {a-\-h)—h ,b—0» 


When 


or 4A+6<i-}-6A — 9A=0 

or 4A-f-6a=3A I 


U 


When a volume equivalent to a length of atmos> 

phcric air has been compressed to a length let a' be the 
new depth of the top of the bell. Therefore Boyle’s law gives 

•‘4(t+“'+0 


2 


a'=2A- 
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Therefore, 


a!-a=Vi- 


Jl 

2 

_3h , b 

2 6 


(3/1-46) 


(which is the required result) 
i6. Let a is the sp. gr. of mercury. The respective heights 

of the water barometer are ^ and feet. 

(1) Let X be the length of the axis of the cone from its 
vertex to the suiface of the water inside the cone. 

Therefore, 

h'a . , ho 




From Boyle’s law 


• 12 


• 


{h'-h)-(~y. b, 

(2) In this case : 


h'o ho 

h'o , ho 
x.~ b , — 


a={h'-h) 


12 


•Cl> 


17. With the usual equation 

x^-\-(a-\-h) x—h b—Q. 
Substituting the values 

(yJ+(A+H) 6.^=0. 


al 


«H-A. I. 
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Let the bell be immersed further by a distance 
Hence from Boyle’s law 

a (a+A+H)=^^y+A-hj + H) 

J'-y+H+A 

=3 (H-A) + H+A 
=4 H-2A. 

18. With the usual Eqn. 

{a-\-h)—h . A=0 

or *2+;^ (100+30)— 30 X 10=0 
or ;v*+130 ;c=300 

*+65 = V432'5^ 

When the temperature is lowered, let^bethe length of 
the bell occupied by air. Then 

(j>-+130)_)>^(Ar+130)^* 

' ,+ ii ^ ,+?2 ' 

^273 ^273 

OOQ 

j;* + 1 30 j; = 300 X ^ = 294*88 

^7+65 = ^4519*68. 

The tension of the chain are 

W — 7C . 9 . xw and W — 7t y . w 

Therefore increase in tension 

125r 

=7t ,9 .w (a;— ^)= 97t . —2-1^4525—^45 19*68 
=67 lbs. wt. nearly. 

19 . Let the original tension =Wj — A . w . x. 

Let V be the volume of the water drawn up so that Vw—'W. 
Then if_y be the new length of the bell occupied by the air, 
its new volume is A_)»— V, and then 

(Ay— V) {y-ha-{-h)=Ax (jt+a+A) 
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.% (j>—x) A . (j+*+< 24 -A)=V (^4-a+A) 

_ y±i±^ 

A \ -j- jf -f- a -f- A y 

Since V is small j> and x are very nearly equal and the 
right hand side of this expression nearly. 

Hence increase of tension 

= (W,4- W— Ayrt))-(Wj- Axw) 

=W— A {y—x)w 

T»T Tr„. *+a+A 


=W-V«; . 


2x+a+A 




20 . If * be the length occupied by the compressed air at 
temp. T, we have 

{h-\-d) — aA— 0 1 

In the second case when the temp, "as been raised by 
suppose y is the length occupied by the compressed air. Let 
A denote the area of cross-section of the bell. 

PV 

A* (A4-rf+*)=KT 
Aj(A+t/+j»)=K(T+n 
yih+d+y) T+t' ..f 

MA+ftV) + T • 

or (y— **) + (A+(/) (;i— *)=* (A+rf+r) 


ah . t’ 


from I 
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_ __ahv 1 

^ T ' {y-\-x-^h-{-d] 

aht* , T T 

t (2*+A+rf) ^ 

Now, if W' be the weight of the bell and Tj and Tg the 
tensions in the two cases, we have 


T,=W'-A^w 

Ta»W'-A^a; 

Tj— Ti=A«; iy—x) 

Since W=Att> . a 

W 

Tg Ti= (y *) ~ 

^_W ahr 

a T 

_ Wht' 1 

T {2x+h+d) 

From I, we have 


from 


2x-{-h-{-d==\/ (rf-|-A)*+4 ah 

Ig— il ry. 


V(^-hd)*+4 ah 


II 


Hence, the tension of the supporting chain is diminished by 

« W . h {ti —t) g 1 

l+a# ’ ^/\h^~(l)t^Yh 

ai. The volume now occupied by the air is to the original 
volume as x^ : a^. 


Hence by Boyle’s law 

x^ {x+d-{-h)=a^ . h. 

(A+rf)=a* . h I 

Let be the length of the part of the bell occupied by the 
air when the temp, is raised. Therefore 

(jV+t^+A) (*+d+A) fl® A 

l+a(T+<)“' 14-2T 1+aT 

y+(i+A)y=(l+j^)a3A II 
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at 

"l+aT 

h 


. h. 


X 


at 


Subtract I from II 

y^-x^Hd+h) (f-x^) 

iy—x)— ^y^x) + (di-h) (y^ + xy+x^) ^ l+aT 

Since a is smal^^ and x arc nearly equal. 

h at . 

(d^h) ' T+aT 

Hence the rcqd. tension 

^ -(w,-V . -^3 

I % S\ 

= (/—:**) 

[y—x) (y^+xy-i-x^) 

W 

(y—x) . Sat* nearly 


W 


<2- 


. . 


h 


at 


4V8"-f3**‘ (d+h) * H-aT 


SWA , , 

■4i+M+M • 


22 . If X be the length occupied by air originally, we have 

x^-\-x (a-\-h) — bk 
or 2Af4'fl+A== Y'^(a-|-A)* + 4A 

If (ft 4- 6A) be the new height of the water barometer, we 
have, A being the area of the cross-section of the bell, 

Ps=A .w.Sh 


Corresponding change in x is given by 

2x . 5x+(a-\-h) 5x=(b—x) 5A 


6—x 

®*'“2Ar+a+A * 


SA. 
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Hence increase in the tension = — A . w . 8x 



Pr a+A-h2lf-l 

2 L 2*+a+Aj 

Zri_ -I 

2 L \/(^+A)*+46A J 


EXAMPLES XXVI 

1 . Initial height = 13’6x 28 inches==- ^ Y^“^^ feet 

= 31-73 feet 

Final height = 13*6 X 31 inches =— ^ feet 

=35*13 feet. 

Hence the height varies from 31*73 feet to 35*13 feet, 
a. The height of the petroleum barometer would 

33 ft. 8 inches 

aa 

*8 

=42 feet 1 inch. 


4- 

Then, 


Height of the sea-water barometer 

34 feet 2 ins. 

iW5 

200 . ^ 
feet 
o 

=33 feet 4 inches. 

which is the greatest depth of the tank. 

Let the area of the section of the barrel be A sq. feet. 


A . I . az—lO 

The tension of the piston rod 

=A . a> . 24 
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Required work=A . a; . 24 . J ft. lbs. 

= lOx V 

=.80 ft. lb. 

5. The air which at atmospheric pressure occupied 
4 inches will at the end of stroke occupy 6 inches and its 
pressurc = I X atmospheric pressure which is equivalent to 
8 X 32 feet of water 

**2 i *5 feet. 

The water would therefore rise in the barrel to a height 
=(32— 2i*,) feet. 

=29J| feet. 

which will therefore reach the pump, barrel, 

6. The height at the end of the first stroke is given by 
the equation 

ahc^{h—Xi) {a (c— X|)+A/} 
where symbols have usual meaning. 

We have c= 16, k — 'il. A— I6a. 

a . 32-16 = (32-Xi) {a (16-Xi)4-16 al) 

32x 16 = (32-xi) [16-x,-}-16/] 

Let Xi = 16 ; 

32x16 = 16x16/ 

/=2 feet. 

If / = 1 ; we have 

32xl6 = (32-xi) (I6-X1-HI6) 

=(32-x,)» 

16\/2 = 32-xi 

X, =32-16 (1*414) 

.=9*37 feet. 

7. Required force = weight of j~x200 cubic feet of water. 


100x200 ^125 


144 2 

s8680|^ lbs, weight. 
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8. Required force=wt. of i*®* X60 cubic feet of water. 
= 1^5 5X60X62*5 
=260i®, lbs. wt. 
g. Force to raise the piston 

—weight of . . X 20 cub. feet of water. 

® 4X144 

Stc^ 125 ,, 

=— X - - lbs. wt 
4 2 

625 

= —5-- 7C lbs. wt. 

O 

Force to depress the piston 

7c 6* 125 „ 

= 7- * 11 . XlOOx-^y- lbs. wt. 


3125 

I 

8 


It lbs. wt. 


10. Let A be the area of the piston, and 
w the weight of a unit volume of water. 

The tension of the piston rod when the 
water is at L 

■=A . OJ . G L 

Hence work done per stroke 

=Tension X BL 
=A . w . CL . BL. 

11. The force required in backward stroke 
=wt. of Tc . 10* . 4 . 100 cub. cms. of water 
=40 7c kilogrammes 

Force in forward stroke 

=wt. of 7! . 10* . 60 . 100 cub. cms. 

=600 n kilogrammes wt. 

12. The height x, at the end of the first stroke is given 
by the equation 

a/ic=(/i—Xj) {a (r— ;ri)+A . /} 
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where the symbols have usual significance 
Here A=a, 

c . h—ih—Xi) (c— Xi + 0 

Also (A — ;ri) c — Xi) = {h — x^) {c — Af 2+0 

We are given Xz—2xy 

^ 1^— *1 (A + tf-f /)-f A /=0 ,.I 

— Xi (A~f"C 'h 2/) -f- A/— 0. ....II. 

Subtracting 

2xi‘-lxi=0 
Xi (2xi—l)=0 

I 

From I ; l={2h — 2c). 

,*» 2A= (r -}-/) + c. 

= sum of the greatest and least distances 
of the piston 

13 . With the usual equation 

ach — {h — Xj) [a (c— a:i) + A . /] 

A = 5a, A = 34 ; /=10, ;ri=r=10 
34x 10 = (34— 10) (10-10+5/) 

, 34x2 

• i— 

'• 24 

=2 -- feet. 

6 

14 . At the beginning of the stroke the air under the piston 
is at atmospheric pressure and ol length 3 inches. At the 
end of the stroke its length is 12 inches. 

3 

Its pressure = ^ ^4 ft. of water 

= “ feet of water. 

Hence the greatest height 

= 34-81 
=25i feet. 
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15. With the usual notation 

flcA=(A— *1) [«z (c— «i)+ A . /] 

But A=:<J . R. 

ch — {h~Xj) \c—x^-\-nl\ I 

and (A— jfj) (c— Afi)=>«(A— rg) (c— 

We are given x^—c 

,% (A— A'l) {c—Xi)—nl (h—c) Ill 

From I, ch=ik~Xi) J 

=«/ (A — Xi)-\-nl (h — c) 

01 

Xi=2h—C— —r- 


Substitute in I , 




or I 


][2,_2A+^*+„,] 

]-* [ 


4<r-f r/ rO =0 


EXAMPLES XXVII 


/ V \n 

I. Density after the Rth stroke=f — j . p. 

where V is the volume of the receiver and V' be the 
volume of the cylinder between its higher and lower valves. 

Ho„« p. 

V _ 3 
*• ®* V+V' 4 

or 4V=3V+3V' 

V«3V' 

V £ 

Y'* 1 
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a. Here V=36, V'=l X 4=4. 

V _ 36 

*** V+V' 364-4 


9 

10 


3. 


Required rftio of pressure = 
Case I. 



Case II 


_ V _ 

V+V' 


10 

lo-hl 

10 

11 


jy ^ 5 
V - t - V ' 5+ 1 6 


Required ratio=^^^ j 

^r728 

1331 

10 ^10 
4- v-h^*“l6-fl 11 

10® 

Required ratio of pressure = j i 


5. Here 


100000000 

214358881 


V _ 6 
V-fV' “6 f 1 
6 

sss 

7 


/6 Y_ 1296 
\7 J 2401 

/ 6 Y=:, 7776 
\7 J 16807 


> i 

<i. 
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46656 


117649 


> i 


(I)' 

( ^ Y^279936 

V 7 / 823543 ^ ^ 

( 6 Y — ^679616 

V 7 / K'TC/iQm 3 


5764801 

Hence 5 and 8 strokes arc requited, 

V ^^2 
V + V' 13 

y ^6 

v-fV' i' 

12\® 2985984 

'4826809 


6. Case I 
Case II 


From the problem 

Also J 343 ’ y 7 y 2401 V13 

Hence 4 strokes are required. 

7 


Here in the question 

Vv+v' ) 


20 

30 


/ V Y”=/^1.V= 

VVYV'y \3j ‘ 


8 

27 


S 8 

Height of the Mercury=— x30 inche8 = 8 g- 

8 . Limiting pressure with the usual notation 
ab t a V_/' i Y 


{h-\-a) (h+b) 




1_ 

625 


where ^=6 ; a=b-’ 


6+i; 

y 

4 


inches. 
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9. Let the numbers of strokes be x 


Hence 


1000+* . 80 , 
1000 — 
1004-8x=- 400 
8x=300 


*■0 


75 

2 


=37J 

J, Between 37 and 38. 

10. Here V=x: • (i)* . 80 
«=20 75 

and V'=7r . (J)* . 8 

■=27t. 

Let the numbers of strokes b c x. 


X 


xV .n=V . 27t 



= .0. 


207C 

27t 


II. Let P be the greatest pressure exerted by the air. 
Therefore 

6(P-15)=165 
5P= 165+75 
»240 
P*48. 


Let the numbers of strokes be *. 

10+* . l_48_^ 
10 15 5 

50+5x«»160 
5x«110 
x=22. 


or 
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12. A volume B of air at atmospheric pressure is 
condensed into a volume B— C, and its pressure becomes 

g 

therefore ~ ^ atmospheres. When the air inside the 
x> — Cl 

receiver is at this or a greater pressure the valve in the receiver 
will thus not be opened. 


13. We are given 


V=8V' 


Therefore 


V ^ 8 
V+V' 9 


Density of the air at the end of IVth stroke = (-j)* . p. 

This is also the density in the barrel at the beginning of 
the fifth stroke. When the upper valve open let a fraction 
X of the barrel has been described by the piston. 

From Boyle’s law 

(4)«.p. l = p.(l-Ar) 

*=2465 

*“656l 

14. Let us assume p be the density of atmospheric air 
and let p' the density of the air in the receiver. 

From Boyle’s law 



15. If V be the volume of the speaking tube between the 
open end and the obstruction. But V'= 50 . 

Hence from the condition of the problem, 


V-I-30V' __V+ 30x50 . 

V V 

or V-|-30X50=4V 
3V=30X50 
V=500 
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The section of the tube is 1 square inch, 
length of the tube = 500 inch. 

= 41 1 feet. 

i6. Here V=20V'. 

V-f20V' 

At the end of 20 strokes, density = y . p 

20V'+20V' 

~ ‘ 20V'' ' ^ 

=2p. 

n * V _20 

® V+V' 2f 

/20\^* 

Density at the end of 14 strokes or more=f ---J X2p. 
which is nearly 


I7« ® be the density in the barrel when the piston 

is at the highest point. 

When the piston moves down, the volume of air G 
expands to volume B— C'. 

. • j C . a 

... Its density=^^^. 


Ifp be the density of the air in A, then for the valve from A 
to open we must have 


P 


> or 


G 

B-G' 


I 


In a similar way, the volume 


density is a 



of air B — G below the 


If p' be the density in the receiver, then 


a 


^G 

G' 


> 


II 


Hence the required ratio. 

i8» Let the maximum pressure of the air in the receiver 
is X. When the piston is at the lowest point there is a 
volume V' beneath it of pressure x j-p, because the pressure ou 
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the condcrser- valve is just sufficient not to open it. When the 

(ar+/»)V' 

piston is at the highest point the pressure of the air= — • 


Hence 


V 


■* — 


19 . Let p„-i be the density in the receiver and barrel 
at the end of (n — I)'** stroke and p the initial density. 

FroYn Boyle’s law 

A pn-i+C . p=(A+B) p„ 

_Cp Cp 

A+B B 

AC 

B ( A+B) * P 


r-pt* £• C 

Therefore, P--55 P=a+B 


P«-J + 


A 

A+B • P"’* 

= a^b 0 


Also 


Pn-l" 


B 


A / C \ 

'a+b V"~* B ^ J 


B '^~A+B 
Henee, by multiplying 

^ ,=r A 


(-g -0 


p« 


B ^~VA+b)G”B *0 

f-BM-B^XA-^B)” 

EXAMPLES XXVIII 


1 . Required height =*=13'6x 30 

*=34 feet. 
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Greatest height" 


_^Xl3'6 
* P5 
272 . ^ 

“- 12 - f”' 


inches. 


= 22 feet 8 inches. 

3. Siphon can work for a height equal to that of the 
Mercury-barometer which is 30 inches, and this is much less 
than 36 inches. That is why Siphon will not be able to 
remove all by this means. 

4. Let the Siphon just stop working when the depth 
of the surface of water below the top ol the vessel is x. 
If h be the height of water-barometer, 

h_ 

fl 

The pressure of the air=7r . ~-=wh . , 

The pressure at the bottom of the water 


This must equal to wh. 


I /t \ 

{h—x) 

4x 


■x=0 


and depth by which the surface of the water is lowered 

__ h _ h ^ h_ 

~~2 T 4 

Therefore one-third of the water is removed. 


5 If a hole be made in the 
shorter limb BG the flow ceases, the 
fluid below the hole falling back 
into the vessel. 

If it be made in the longer arm 
below the level of Q,the motion goes 
on, the liquid flowing out at this 
hole. If it be made in the longer 
arm above Q,, the action of the ins- 
trument stops and the liquid flows 
back into the vessel. 
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EXAMPLES XXIX 


1 . Let ABC be a triangle 
wholly immersed in the liquid 
with its base BG in the surface. 

Let D be the middle point of 
BC and O that of AD, so that 
O is the centre of pressure and 
PQthe horizontal straight line 
drawn through the centre of pressure. Then P and Q will 
be the middle points of AB and AC respectively. 

Now, if AY is the perp. drawn from A to BC cutting PQ 
in X, then 

the thrust on the A ABG==W B C . AY) . J AY. 

«; BG . AY* 

Thrust on the A APQ,=a; (| PQ,. AX) (XY+i AX). 

i BG . i AY) (i AY f i . i AY) 
= iS w . BG . AY* 

==^ (the thrust on the A ABC) 

=The thrust on the portion BCQP. 

2. Let ABGD be the symmetrical section of the box, AB 
being the lid, and ABC the string whose tension is T. 

Taking moment about A, we get 
AB 

T . AB— AB* X 2 X depth of G. P. of lid below A. 

T=-^ . AB*x 4 AB =4 WAB*. 

Z o o 

s= J (weight of the water) 

3. Suppose a, a, be the lengths of the edges of the box 

and Wi its-weight per sq. foot. 

Taking moments about the hinged edge 

2 ° I A ^ 

«^i a* . Y+ -2 • I 
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: Moment of the pressure on the outside face 

— Moment of the weight of the water 




• w 


3 


— VO 


I 


a-' 


a 

T 



4. Let ABCD be rectangle 
immersed vertically in a liquid of 
dnesity P, with the sides AB and 
CD horizontal and at depths a and 
h respectively. Consider an elemen* 
tary strip of breadth 6* at a depth 
X below the free surface. 


o 



6r=aiea of the strip 
= . 6a; 
where AB=c 


j&=pressure per unit area of the strip 
— VO . X. 

Let X be the depth of centre of pressure 


j* xpds J X . VO X . cdx 
j* pds J VO X ,c , dx 

f 

] 


a:* dx 
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2 a® 

y ‘ ft* -a® 

^2 b*+ ab + a* 

3 * b+a 

5 . Let ABGD be the trape- 
zium. Divide the trapezium into 
two triangles by joining A, G. 

If w be the weight of unit 
volume of the liquid, the thrust 
on the A ABC 

=“ • tU 

and it acts at a depth f h below AD. 

Thrust on the A ACD 

and it acts, at a depth i h below AD. 

Therefore, depth of the C. P. of the trapezium ABGD 

^ w . bh*X^ . wah*X 

wb . h *-\ — ^ wah* 

3 o 

A p/ 2+fll6 ~| 

” 2 " * L*/3+a/6j 

ra+Sb \ h 

2* 
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6 , Let BA produced meet the 
surface in E and let CB=p, 

DA=a, CE==c and DE= 6 . 

Thrust on A EBG 

(i c . P) w cP* 

acting at a depth |p. 

Thrust on A EAD 

(i bx) ia 
w 

acting at a depth h x. 

Thrust on ABGD= thrust o» A EBG — thrust on A EAD 

w cP*— i wbx^ 

Let ~x is the depth of G. P. 

— i a> rP* . i P— i w b . a* . f a 
* ^ 10 cp*— ^ wb . a* 

1 cP®-— 6 a® . b X 

“T * rP*- 6 or*“ 7 p~' 

«_L 

2 ’ a®— P® 

«JL («-fP )(a»-hP*) 

2 * a*4-aP+P® 

7 . Let ABGD be the lid, AB being the line of hinges. In 
each case the moment of the weight W of the lid about AB 
must just equal the moment of the thrust on the lid. Let the 
required angles be 9 j, 0 ,, 03 when t .e box is turned about 
the edges parallel to AB, GD, BG respectively* If o be the 
length of an edge, 

W . cos 6 i«sa;a* . ~ sin 0, . I 

Z Z o 

VAT ^ A ^ * A 2 a 

W . cos 0 ,—iya* . . sin Og . 



II 
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W . 2 ‘COS 03==wa* . sin 63 . ^ Ill 

cot 61 : cot 63 : cot 63=^ t j : J 
i. c. tan 01 : tan 08 : tan 03=6 ; 3 : 4 


EXAMPLES XXX 

I. Let ABCD be the square when 
it is just immersed with AB in the 


surface, the thrust on it 
depth — from AB. 

3 


a® aw 


at 


li 


When it is lowered through a depth b, the addition thrust 
0® bw acts at a depth ^ below AB. 

Now if, the depth of G. P. is T, below AB, 

T (y)+“‘ (I) 


a>-|- c?bw 


2 

Depth below the centre 

f2a+36) a 
“(3'a+2fc) 2 


6a-H12A 

2. We know that the centre of pressure of two thiusts 

1 2A h 

i. c. one equal to wah . acting at a depth k— — , and the 

other equal to wah (k—h) atcing at a depth (*- 4 ) 
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Hence the depth of centre of pressure 


1 


wah 


3 

^ 1 
Y 




wah 




[k—h) 


S-t) «•-•(-') 


2h 


Mk-h) 




** Atj. *’ 

S-**+ -3 


2/i 


■^k~h 
o 

4 hk-h'-^^k^-^kh—m-^^h* 

“ 2(2A4-3A-3A) 

2{3k-h) 

3 . We are required to find the resultant of two thrusts 
one of which is that which would act on the triangle if its 
upper side were in the surface of the liquid, and the other 
due to the superincumbent liquid of depth k~h. 

Thrusts are 

1 L k . ^ X, L k 

— wan . - aqtmg a at depth k — 

2 3 2 

1 2A 

and the other wah {k—h) acting at a depth k 

^ 3 


Hence the depth of centre of pressure 


J_ 

2 


wah 


(*-i) 


wah {k- 




— wah (*-A)+ 


wah 


Jl 

3 
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4+t-* 


+*•- 


2M , 2*» 

1- -**+ -3 


-\-k-h 


2M-A2+6A*-4Ait-6M+4A» 
2 (A+3A:-3A) 

6A24-3A«-8/iA: 

2 (3A-2A) * 


4 . Let the side AB=BGs=CA=6-\/3 
Area of the trianglc=i AB . CD 

= \ • 6V3x 6\/3 sin 60 

=3V3x 3 va . V3 
«27 V3 

height of the triangle «=■ 9 
We have two thrusts, one 



a; . 27\/3 . acting at a depth 


9 

2 


and the other 27^3 w . 34 acting at a depth 

{w 27 VS) . |-+(27V3 u;) 34 . -| 

(a; . 27 V3) . — + (27^3 w) . 34 


y 4- 102^231 
34-34 74 

3~^ feet. 

/4 


Required G. P. 
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5 . Suppose G and P the centre of b p e C 

gravity and centre of pressure when Vs / 

the atmospheric pressure is neglected. x. / 

It is given that / 

GE =6 

Depth of A =35 

Hence depth of P below BC is J AD 

38 


i. c. = -^ 

Pressure=i BG . 35x5jy==| BG . 5*w;. 

Now when the atmospheric pressure is to be considered, 
we shall have the following thrusts acting on the triangle. 

(i) The whole pressure BC . w acting at P J. e. at a 


38 

depth -w below BG, 


(ii) The addition thrust I BCxSSxAw due to 
pheric pressure which will act at G i. e. at a 
below BG. 

/, the depth of new position of C. P. 


BC . 


. BC X 5 
BG . w 


the atmos- 
ilepth ‘5’ 


> - 

8+A 

8 (384-2*) 

“ 2 (5-f-*) 

A height of new C. P. above the old C. P. 
38 8 (384- ’^*1 
“2 2 (64*A) 
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1 5A 

2 * 6 -f A* 

6. Let a be the area of triangle and k is the height. 

2k 


But 


5= 


3 • 


We arc required to find C. P. of a thrust aw 
3 k 

depth — ^ and of a thrust aw . k At a depth ^ 


Required depth= 


2k 3k , ^ 2k 
3 ^ * 4 * ^ • 3 


2A; 


+A 


6A»+ 8 kk 
4'(2A-f-3A) 
3A hk 


Hence the depth: 


4 2 (2A-I-3A) 

^ A5 

4 8(5+A) 

A5 


'8 (5+A)* 


2A 


at 


EX4MPLES XXXI 

I, Depth of C. P. below the surface 

2.(a+P-fv) 

Depth of G. G. below the surface = 

The G. P. is at a depth below the C. G. is given by 

g-f p-l-v 

2 (g+p-t-v) 3 

a*+P*+v’— ap — Pv— v« 
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The centre of pressure of any triangular area wholly 
immersed in a liquid coincides with the centre of parallel 
forces acting at vertices A, B, C and piopoitionate to 2a-f p-f v, 
a-f2p-f-v, a+p-f-2v respectively. 

The depth of the centre of the given parallel forces 

a (2a-f P4-v) + p (tt+2 p-fv) + v (a-fP4- 2v) 
(2a+p+v)+(a+2p+v)-f(a+p+2v) 

= 2a^+2p»+2v«+2 pv +2va-ffttp 

4 (a+p+v) 

— a^-j-p *-f v^-f-p*^ + va -4 txP 
~ (a+P+v) 


2. Neglecting the atmospheric pressure 
the depth of C. P. is given by 

2 


and thrust =«; . A 




The atmospheric pressure produces an additional thrust 


w . h at a depth 


x+y 

• 

3 


Depth of C. P. of the triangle 
x-i-y ^ **-4-v*4-3cv \ 

^ . A ' 

-p \ ^ Kx -ry t y 

v.i. -iiX 

A • A 


ic/< 


\_2 (x±y) J 

A”(tO+“ 



x*_¥y*+jjy_t h (y-Kyl 
'6 "^ 3 



2 (*+J’ + 3A) 
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3 . Let ABCD be the rhombus so that 
A is in the surface. Therefore depth of 
A, B, G, D are 0 , h, 2h, h respectively. 

If the depth of G. P. of ABD 
and BCD are Zi and Zz ; then 




h*-hh^+h^ __ 3 ^ 


and Zz—h ♦ 


/i2 -f. 4- 2A2 d- 2 A® + A* 

A+A+2A 


Therefore, G. P. of the rhombus 


w . A • 


h+w . A 


m; • A . 4 a; . A 


4 A n 
3 ' 8 
4A 
*3 


“4 *• 


G. P. divide the vertical diagonal in the ratio 7 : 5. 


4 . Let ABGD be the square, A 
being the highest point. If AG=rf 
then the depth of A~d, that of G=’2d 

3d 

and that of B and D==-s-. 


The depth of the middle points 
f A/- DA Id , bd 

of AG, GB, BA are ^ 4 ' 
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Hence the depth of G. P. of A ABC 

3d,7d,5^ 

2 "^ 2 4 

_55 . 55^3rf 

36 ^ ~ 54 2 

55 

=^—X depth of the centre of square. 

=which is the depth of G. P. of the square. 

5 . Let ABGD be the rhombus so 
that the depths of A, B, G, D are 

A— h, A 4 '- 2 “j ^ respectively. 

a 

If the depths of the centres of 
pressures of ABD and PCD are Zi and 
then 





(h- ±y+h*+h^+2h (h- -|-)+ h* 


h-\~h-^h~ 


—z 


24A2-8flA+a* 


6h—a 


24A*-j-8a/t -f-a* 


Similarly Zi=i ‘ 

Therefore the centre of pressure 


•(j^~ 5)4 


24A«-8aA+a* 


6A- 


iw . A • 


(■-W 


+ 


w . A 
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w . A 






6A~|“ o 


w . A 


• O+'S') 


J_ 48A* + 2a^ 
24 * 2h 


^h+ 


24h * 


6. Consider the parallelo- 
gram to be made of two As 
ABD and A BCD and find 
the depth of the point of 
application of the resultant 
of the parallel forces acting 
at the mid-points of the sides, 
which arc proportional to their 



depths. 


.** Depth of C. P. 

k . + k. )' + 

k . h^+kh*+k 

k.h+k. h+k . ^ 

_ V+V4 -V4V -4A»+ {h^+h^) ( Aa+Aa) 

2 [hi4- h^-\-h^-\-hi-\‘2h) 

_Ai*4-V+V+V+8A* 

“12A 

since Ai+A8=»2A and ^24-^4=28. 
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7 . Let ABCD be the half 
hexagon, BC being in the sur- 
ay/S 


face. Let 2a: 


2 


be the depth 



of O, the middle point of DA. a o 0 

Since the three triangles OAB, OBC and OCD, place wts. 
proportional to the depths at the middle points of the 
sides we have 6 a at depth a and 4a at depth 2a. 


^ , 6 a . a+4a . 2a 

Depth=- 


7a/3 


6ad-4a 

14 7 a\/3 

“Id “""rO ‘ ^ 2 2U 

10. For the first part put a — ^=0 in the solution of Ex. 11. 
For the second part 


«-■ ['¥-1 ?] 


Hence h=-^ or 


T 


9h^ — 3 (r + 6)/t+r5 = 0 
5 

3 3 

i. e. Depth of C. G. of ABCD is the same either that of 
the A ACB or A ABD, which is the possible. 

12. Let ABCD be the square. Con- 
sider an elementary strip ol breadth 
at a depth x below the free surface. 

If ^ be the depth of C. P. 

Cxf) . ds 

Sp • 

Pft+o 

Xg P 


T 

ft. 


ft 


■rot 


X = 


X 2a dx 




TT 

r 


& 


-Za- 


ft+a 

h-a 


g9 


2a dx 
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fft+a 

Ja-« 


X* dx 


I 

I 


fA+a 
J A-a 


X dx. 


±r 8 1 '^ 

3 1* JA-a 2 [(A + fl)8_(^a)3] 

2 \ -/ h—a 

-1 [(^+a )*+(^-a )»4-( A +a) (A-a)] 

3 A+a+A — a 

2 [2A2+2a*+Aa-a*] 

3 * ” 2h 


^3A»4a» 

3h 

Depth of C. P. below the centre of square 
Sh^+a* 

” ~~Jh * 

_ 3h^+a*—3h^ 

“ 3h 

a* 

^U’ 

EXAMPLES XXXIl 


1. From Ex. I, we get 

X 7/;S ^ 

Ttpr* [jh+—^J^—Xnpr^(gh+r) 


w^r* 3 , , 

or — gA— 


4 2 

gh 


i. e. a;— where a; is the angular velocity, 

a. From the previous question, we get 

« »iS 


Tcpr* ^gA + ■= 5 X i Ttpr* a; 


gA-f 


s vS 


a)» r 


1. e. 


a;: 


f* a;* 

Vgh 
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3. From the previous question, 

• r* n 

■4 -4 


, , w* r* _ n . - 

gh-i 7— = -rXr* It;* 


r V «— 1 


4. Pressure at a point of the base 
distant from O is given by 

*=P B .y+g . AO] 


But AO=A-AN=A- 


it;*f* 

2g 


r 1 «;*»*“ 

Hence pressure=p ~ tv*y^-i-gh jr- 

L ^ - 


8 


^ N 



'v 

X 

A 





at a distance jy from the centre. 

5. Let a section through the vertex V 
of the cone cut the base in the line ACB. 

Draw a parabola throngh V, with the K 
axis vertical and let. the latus rectum is 


2 g 


W 


2* 


Let KL meets the axis in N. 

fla=NL»==-f . NV 



X 


VN* 


w‘ 
w* a* 


2g 


Therefore pressure on base = weight of volume ABLVK 
6 Jtfl* • J 0 cot a— 7j<i* (a cot a+VN) — i ita* . VN 




V- 


cot a 
a 
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6. If “^1 — then NA=NO ; and 
2g 

the vertex A of the parabola coincides 
with the lowest point of the axis i. c. when 

xjo= and therefore the volume of the 

r 

paraboloid PAP' = i that of the cylinder. 
Hence in this case the water left in the 
cylinder is of volume half that of cylinder. 



7. The lid will turn round the 
hinge B if its weight 

=thc weight of water of volume 
P'APEAB 

= ^ xa* . AN . gp 

Tca^ gp ^ w* a* 



= J TCft* W®p. 

8. From question 6, we get N = 

Volume left=— th original volume. 
n 


Hence ~ r^h=nr*h — ~ (w^ r^—gh) 

TtgA* 

tii* 

and therefore w^^'^^ngA 

r 


9. Let us suppose the centre of tube is O, this tube 
revolve round the tangent at G. Let the parabolic free 
surface cut tangent at G in A and the circle in P, Q, so that 
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e two latter points are at the end of a diameter. Let 0 is 
e angle that PQ_ makes with CO produced. Draw PN, Q,M 
rp. to GA. Hence 

PN=<i+a cos 6 
QM=a— a cos 6 

Therefore, 

(a+fl cos 0)®=^ . AN 


Also (a— a cos 0)*=~ . AM 

w* 

Subtracting, we get, 

4a* cos 0 = ^ (AM — AN) 

. MN 


2p 

■■ - » . 2a sin 0. 


tan 0 = 


«;* a 


g 


0 = tan~^ 


w^a 
- • 

g 


lo. Let us assume that the parabolic free surface meet 
he tube in P and Q,, and the vertical through the centre G 
m A. Draw PN, Q,M perp. to CA. 

Z. PCN=60'’ and Z (;iCM=30^ 


PN-^- and QM=^~ 

?^=PN*= ^ . AN 

4 w* 

AM. 

4 ^ w* 


so that 
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Subtracting, we get 
3a« 


.2^ 

w* 


. MN 


2 «;*V 2 2 y 

*=2g (y'S+l). 


w 

II. If C be the centre of the tube, A its lowest point. 
The parabolic free surface will have its vertex at A and pass 
through a point P on the tube such that ^AGP=0/2. Draw 
PN perp, to AC. Hence, 

2 


a* sin* ^=PN»=-f . AN 


=2#i 

w* 


( a— fl cos 


j . 2a . sin* — 
4 


4 sin*- 


W' 


2 -^_ 


6 


sin* 


== A 

a 


cos* 


1 

‘0 


«;*-= 


0 


Vi 4 

12. Let the vertical and horizontal radii of the tube be 

2* 

CB and CP. Draw a parabola, latus rectum ^ to go through 

P and cut the tube in Q, and CB in A. Draw Q,N perpendi- 
cular to CA. Then, from the question 
^BCQ,==45® 


A (iN=^^ 


.CP*-?i. AC. 

w* 


Therefore, 
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2 

2 ur 
_ 2 ^ « 

* V2 

«. 8 =^ . ^/2 


GA=‘ 


:aV2. 


i3. From question No. 12, /.QGN=*60®. 
Therefore 


Also 


. AC 


. CN 


14. If BC, CD. DE be the sides of the tube, O the middle 
point of the horizontal side CD, Through E, B draw 
free parabolic surface to meet CD in P and Q, and the vertical 
through O in A. Let EB meet this vertical in N. 

(|-)*=EN«-^.AN 
. ^ u>* a* 


and BP2=»^.AO. 

ur 
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Reqd. lcngth=2 


• o?=a /J : 


This value is imaginary i. e. nothing escapes, 


if «; > 




x6. If a vertical plane through the axis cut the cylinder 
in the lines PC, CB, BP' and let O be the middle point of BG ; 
and let PP' meet the axis ON in N. 

Let the free surface through P, P' meet axis in A, If 
b > \ h, c. if the quantity of the liquid > half the cylinder, 
then A is above O. 

Tca* {h-b)^ita* . i AN 


.an=1 |^.pn«= 


It)® fl* 


A Vg (h-b) 

b < h, A is below O. 

Also 

nh 

Tta* {h—b)——^ (it^ a*—gh) 

17. We are given 



18. Let a vertical section of the cone through the vertex 
V cut the base in PP , the axis of the cone meeting the 
parabolic free surface in A and PP' in N, 
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Hence 


A* tan* a=PN«=?^ . AN 

It is given paraboloid PAP'=half the cone 

i. e. Tcfl* . \ AN=si Tca* . J VN 

. «/* A* tan* a 1 , 

«'*=?? cot* a 


3A 


if w > 


. cot a, water overflows. 
3A 


19 . Let the plane of the paper cut 
the base of the hemisphere in P and 
P'. Draw a parabola through P 


and P', of latus rectum 




w 



3 




y 


Then a*= 


*CP*==^ CA 


w* 


CA= 


w* a* 

' 25 


If w^a < 2g, then A is above the lowest point B of the 
sphere, and the amount that has run over 

=Volume of paraboloid PAP' 

1 I nw* a* 

= 7ca* . jr CA = — • 

2 4 g 

If w^a > 2g, then A is below B and the parabola meets 
the sphere again in points Q and Q,'. Let QQ,' cuts CB in M, 
therefore 

fl*-CM*=QM*=»^ . AM 
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Hence the amount that has run over 
^ AG-7t Q,M> . — AM+ ~ 

= 4 (4u®-3a®*4-3Aa. AC-**) 
o 
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ai. Let the cup be formed by 
revolution of the parabola PAP' 
about its axis AN. Draw PN perp. 
to the axis and through P, P' draw 
the free surface viz. a parabola of 

latus rectum “ . Let the vertex be 

A' in AN. 


P 



Then 4aA-PN*=-| . A'N 

ur 

.*. Paraboloid PAP' — paraboloid PA'P' 
=Total quantity of liquid 

i. e. Tz , \ah . h—tz . \ah . A'N = tt . 4a 



From 


A'N= 


T . 2? 3 

I we get 4a= J 


10 “ 


4 



22 . Let the cup be formed by revolving of the parabolic 
arc PCQ, about the axis CN. Draw parabolic free surface 

O 

through P and Q, latus rectum with its vertex A on CN. 

If A above G, there is always water at G until the whole 
amount has gone out through a hole at G. If A be above G, 
and A be the latus rectum of the parabola of the cup, then 

A . NG=PN*=?| . AN 


X ?i 

* NG 




A < 


w* ‘ 
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23 . Let the bowl be formed by 
the rotation of the semicircle about the 
vertical axis. 

Through D, draw a parabola with 
its axis vertical and latus rectum 

2a 

— ; and let the vertical lines through 
A, B meet it in K and L respectively. 

Since the bowl is on the point of rising, therefore, its weight 
s= upward psessure on the bowl 

=wt. of AKDLBDA 

— wt. of ^ cylinder ABLK— -^sphere ADB— paraboloid KDL 
^w.Tzd^ (aK- a- y Dn) 

Now . ND 

w 




• u. f u ' u a- o- DN 

weight of hemisphere ^ 3 2 

weight of contained water 2 

T 



_1_ , w* a 

2 ■^T • “27 

4^4- 3a;* a 
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94 . Let the cup be formed by the 
revolution of the parabola PAP' about K 
its axis. Draw a parabola, A as 

2ff 

vertex and -4 as latus rectum 

w’ 

Cup on the point of rising when 
W=upward pressure of liquid 

W=wt, [cylinder PKLP'— parabo- ^ 
loid PAP'-paraboloid KAL] 

. Tc . PN* (NM—J AN— i AM) 
=Wi . n . PN® . J (AN+AM) 

Let AN=A JL PN*— 4aA 



r 

1 ^ 

M 




i 

N 




AM=^ . MK*= 

2g 


U)‘ 




mU 

Also 


W=Wi . 7r . 2ah ♦ 2aA^ 


W=a)j . 7c . 4aA . i h 

^=l + '!^.2a 

w g 


1 . e. 




I 

2a 


y^-w 

w 

a6. Let the section of the cone by a plane through its 
axis VAN be VP and VP'. Through P, P' draw a parabola 
2# 
w* 

h* 

3 

»2g 


of latus rectum 
Also 


having its vertex A on VN. 
tana 3o=PN» 

.AN 


w‘ 




AN: 


w* A* 
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For the equilibrium, we get 

p . J 7C PN* . A=upward pressure of the liquid 

4*0 

(volume of cone—volume of PAP') 

o 




A 

28. Let the string make an angle 6 to the vertical. Then 
we have 


mg—T cos 6= I 


and 


X 

From I and II 


tt)*^+T sin 0 


G 


.II 


mg 


0 - 4 )= 


cos 0 . mw‘l 


(- 4 ) 


cos 0ssa 

wH 


.III 


This will give real values for 0 ; if 
wH > g 

i. e. w > 3^ . 

EXAMPLES XXXIII 

I. Let X be the immersed depth 

X . flr»p • 2b 
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The equilibrium is stable if 


HM > 


a* a 

— - * > 

b—^ . b. 

6 ^ p 

a 

a* 

P P* 

66 » ^ 

<7 c*' 


2 . 


If the immersed 


depth= 


c 

2 


Therefore 


ab 

HM= 

ab 


12 ^ 
c tt 

T 


b* 


c 


Equilibrium is stable if 
HM > 


c c 



4 



b > -^ y/6e. 

The condition of stability for a rotation about the axis 
parallel to A, <i > J is clearly satisfied 

since a > b* 

3 . Let 21 be the length and a the radius of the base of the 
cylinder. 

Therefore 


4al,L 



~ na* . 21 


3 ic‘ a 
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by 


Distance of C. G. of a semi-circle from the centre is given 
4a 
3^‘ 

Equilibrium is stable if 


i. e. I > a 

i. e. height > diameter. 

4. Let * be the length of the axis immersed 
Therefore, 

h /> 

I 


and 


[i 


h — X h 


Tra* h — ~~ Tzb^ {h 
o 6 


-«)]<'“ i 


Tia® h p 


[A3-_(^_*)3] = II 

b* 


Tzb^ * 


HM= 


^ iza^h — A 6 ® (k—x) 


3 3 

b* 

4 * a^h-^b^ (h—x) 

If V be the vertex 

Tti* (A— Af) . — (A— x)4- 7 ia*A— Y Tzb^ (h—x) J VH 

*“ 4 " h,~h 

3 4 

VH- 3 a^h^-b^ (h-x)^ . 

•• 4 a*h^~b» {h~x) 

3 a^h*-bHh-xY 3 

4 • - 4 

3 * 6 * (A-*) 

*4 * a*h-b* (h—x) 

Equilibriuin is stable if 

HM > HG 
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> X {h—x) 
a® (h—x) > h^x from I 
h > X 

X <i h sin® a 
h—x—h cos* a 


From II 


L — A® cos® 


a n 

<C 1 — cos® a 


5 . The movement produces the same result as the placing 
of — m tons on one side of the ship and of + in tons on 
the other. The moment of the altered weight of the ship 
about G 

= moment of this couple 

This is balanced by the moment of the buoyancy acting 
at the new centre of buoyancy H', and this moment 

= MgxGM sin M' Mg 
ml — M.h sin M' MG 

ml 


^ M'MG=sin M' MG = 


Mh 


because M'MG is very small. 
6 . We are given 

M=9000, m=20, /=42 


10 

12 


=20 X Z M'MG 


From the previous question 

10 20 


.42 
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EXAMPLES XXXIV 

I. Let r, k be the radius and thickness of the second, 
and 3r, 2A; that of the first. 

If / be the common tensil strength, 

„ 2 .t. 2k 


And P,s 


3r 

2 t .k 


P, 3 

J. Fi T 

a. From the usual notation, 

<==12000, re=6 

. -A - 12000xi 

r 6 

=500 lbs. per sq. inch. 

3. P»»200 X62‘5 lb. per sq. feet. 

= 200 X 62*5 X lbs. per sq. inch. 

««« 1 10000 X A: 

Hence 200 X 62*5 X ^ 

where k is the thickness. 

. 5 . . 


inch. 


4. With the usual notation 


and Pjs 
a 
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Also, from the formula 

8 _ 




1+ar 


P 


Vs=fl (l4-« • 0^'* 

MISCELLANEOUS EXAMPLES 


I. Let X be the required depth. 

Then from the condition of floating bodies 
* X 1*025= 100 X *92 


x=89— yards. 

T 1 

2 . Let the density of wood be p and volume V. 
Hence 

V .p=1000 

3 

Also P . 1 = 1.-^ 

A = 

Therefoi e V= 1 000 X *=^5^ 


= 1666 


3 . Let n be the required fraction 
T herefore, 

nX*84=l X 

50 

• ~ 

” 63 


cub. cm. 

of volume immersed. 


4. The stopper must have the weight 

= thrust due to pressure (772—730) m.m. of mercury 
on its face. 
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42 


( 4 )’ 10 

=357 7 C grammes. 


cub. cm. wt. 


5 . If V and V' be the volumes of gold and silver in the 
crown, also let p and p' be the sp. gr. of gold and silver. 
Therefore, 


V . 

1 + V'.l=.i(v.p+V.p').. 

I 


CL 

• 

> 

• 

II 

> 

II 


V'. 1 = ^ . v.p' 

....III 

From II, 

77 


From HI, 

if 



Reqd. proportion in weights= 


VjlP 

V'.p' 


14-p'^ll 
p' * p— 14 9 

9* 


6 . Let the external side of the cube be x inches and the 
vessel just floats. Therefore, from the usual formula, 

34 

[^3-(*-2)*]x2^=*3xl 

A 125;r3=216 (x-2)» 
x=l2 

A (*-2)»=(l2-2)» 

= 10»=1000 

which is the internal volume 
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7 . From the Principle of Archimedes, 

T 

4 2 

^ Trr® . p,= y 7tr® . pj 

.*. P2 = 2pj. 

8 . Let A be the cross* sectional area, h the height and 
be the density of the cylinder. 

Therefore, from the condition of floating bodies 


Also 


A. , h , cf-J” 


A .h.a==2=A{k-7). 1 

1 


:A A. 1 


1 4 

A== — » A = 35, and a = — 
14 5 


V be the length above the surface, 
A (h—x) . 5=A , h , a 


5 * ' 5 


=5-6 

X — 35 — 5 6 
= 29-4. 

9. Let the required gas be V cubic feet. 
Therefore, upward thrust 


Also, 




Vx 1 


Vxl4x 

4 


• 52 ^ 


3V 

'80 


lbs. wt. 


?.Y=1200 

80 


V=32000. 
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to. Let W be the required weight to sink. 
Hence 

1000 
1728 


W+8=ic(|-yx|-X 

64 

sssabout 10*4 ozs. 


II. Let the specific gravity be p and x inch be the 
immersed length. Therefore, 

4xp+8x*24=»*x 1 1 

Since the rod is floating, therefore sum of the moments 
about one end must be zero. 


4x2xp+8x8x’24=*X-~ X 1 II 

Therefore, p*=l*32 and x=7*2. 

13. We can assume the volume of wood and lead be V 
and V', and a, o' be the specific gravities of the two. Therefore, 

VorK;=6 1 

V' (a'-l)a;=12 II 

V (<r-l) w+\' (o'-l) a;=10 Ill 

From II and III, we get 

V (o-l) 

Therefore, 

0-1 2 1 



13 . Since the body floats half immersed, the sp. gr. of the 
first liquid is 2 p. 

The density of the mixture**-^ (2p+ l)'*»p4-^. 
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Therefore 

(p + |)x|=pxl 

p=l-5. 

14. The pressure on a certain day is that due to 

= 76 cm. of meicury + 3’4 of water 
= 76 X 13*64-3‘4 of water. 

Second day the head similarly 

= 74xl3-6 + 3-4 

If V be the volume to which with this pressure 3 litres 
has increased. Therefore 

V ^ 76xl3-6 + 3'4_ 

3 74xl3“6 + 3'4 

g 

V = 3-y litres. 

Reqd. fraction of air that has bubbled out 
3,V 305* 

15 . Let us assume that the surface of the mercury inside 
the tube risej) inches, and that the upper end of the water 
move X inches. 

Area of the section of the bulb = 6 ® = 36 i. e. 36 times the 
area of the tube. 

But the volume of water is constant 

x — 36y 

If cr=sp. gr. of mercury 
Pressure increascd = i a—ya-\-{x—y) . 1 



I8a=A:<T4-35x 

<t+35 13*67 + 35 

=5 05 inches. 
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i6. 


Required Ratio 

_difrerence of weights of air and gas in II case 
difference of weights ot air and gas in I case 


750 - . 760 

760 - 4 • 760 


750—76 

760-76 


674 

684 


337 

342 * 


17. When the sphere is in equilibrium, suppose II', II be 
the pressures of air below and above the sphere. Hence 
from the condition 

difiTerence of pressure=7tr* kiv—nr^ (IT — II) 

Therefore, A«;«II'-II I 

From Boyle’s law 

ir [Ttr* ih-x)-% 7tr®]=ll (7Tr*A-f izr^] 

. " 

From I, ir=A:aJ+H ; substitute in II 

kw — X — . H . * 

X x(^-^k^=:^k(h-~y 

18. When the liquids are first mixed, let pj, CTj be the 
sp. gravities and pg, Oj after the second, and so on, then from 
the usual formula 


and 


n — 1 , <T 

P+V 

n n 




p 

n n 


c 


,..I 

II 
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= 0 - !)*•(-) 

Also 1 

-('-t)T-- ) 

and pm + CTm = Pm-l + <^m-l*= ==P + <T IV 

Solving III and IV, we get 

Pm=P+''-^-[l-(l— I) ] 

And ci„,=a+ ^1 — J 

19 . If hi be the height of cylinder under consideration, 
and X is depth to which this cylinder is immersed. 

x—ahi 

Water will be on the point of over-flowing when the 
volume of this depth x be just equal to one quarter of the 
outside cylinder. Therefore, 

Tcr,* . 

4 

* a 4a • 
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20 . Let the required point is O. 

Since the depths of the angular 
points of the and AOGA are 

the same. Hence if the pressures 
are to be the same, their areas must 
be equal. 

A BOA = AO AG 

From this we conclude that O lies on AD (the median). 
Therefore 

Pressure on A BOG 

3 Pressure on A BAG 
^Area of A BOG X depth of its G. G. 

Area ot A BAG X depth ot its G, G. 
^ODxOD 
DAxDA 
^OD2 
DA* 



21 , Suppose p and a be the densities of the cone and 
liquid. It is given that | of the axis of the cone is immersed. 
Therefore, 


-ay 


, a 64 

’* 7~27 

Let the radius of the base of the cone is a, and which is 
the radius of the cylinder. Therefore, volume of the water 
which is above the vertex of the cone 

, Sh 1 3V3aV 

*=Tca* . • ~r\ ~r ) * 

4 3 4\4y 
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If the surface fall through a distance ^ when the cone is 
removed, therefore this must be equal 

Equating both 



22. Thrust on the plane surface of the hemisphere 

=7t . 3^ . 6iv 

= 54 nw. 

Resultant vertical thrust on the hemisphere 
= weight of displaced liquid 

— ^ 7c (3)® . w— lOrtru 
6 


Required thrust = -\/(54 18 nw)^ 

= 18 Tzw VO-j- 1 
= ISirruv^IO 

making an angle tan~^ J to the horizontal. 

23. Let ABCD be the 
square, A being the lowest 
point. Let AB=a ; AP=jp 
and AQ,= Ar tan 6 
Let p=density of rods 
C7=density of liquid. 

Therefore, 

{x-\-x tan 6) a=4a . p 1 

Taking moment about A, we get 

( * Q n * tan 9 , 

I Af . COS 0—* tan 9 . ^ ® 


c 
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— 4flp . J a\/2 . cos (454-0) 

= 2 a®p (cos 0 — sin 6 ) 

(1— tan* 6 ) o=>4a*p ((1— tan 6 ) II 

From I and II, we get 

tan® 0 (ct— 4p)4-2 tan 0 (cr — 2p)4-c — 4p=0 Ill 

This Eqn. will have real roots, when 

(o— 2 p)*— (<T— 4p)* is positive 
(4pcr— 12p®) is positive 
i. e. a > 3p. 

If o > 4p, from III, the value of tan 8 found would be 
negative, which is clearly impossible. If c—4p, then Eqn, III 
will give 

tan 0=0 ; x=^a 

which is the limiting case when a diagonal is horizontal. 

*, cr > 3p and < 4p 

24 . From the condition of problem 

W W 

W'd = tension of the chain=W 

s s 

2W 

s-W-W' 

weight of the water not > W' 

W' 

Volume of the water not > 

w; 

Volume of th e water ^ 

** Volume of the weight W W' 

sW 

2W' 

and therefore > 

25 . Let cTj, <52 be the sp. gr. of the water and cyl’nder, 
p and p' those of air. 
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Let X and x' be the portions of the cylinder immersed 
in the two cases, h is the height. Therefore, 

h(S2=xai~\-{h — x) p 
A(7a=x'ar,-f-(A— x') p' 

V^I— p/ \oi-p/ 
gg) (p'-p) . , 

fl . fiUB VC 

(<j, — p) (ct.— p ) 

since p' > p. 

If X > x', the cylinder will rise in water 

If the surface of water inside is lowered than that of out- 
side by z, where II' — ll = t<;^ 

where H is the height of the water barometer originally. 
Hence the cylinder goes down through z and up through {x—x') 

It will fall if ^ > x—x' 


H , CTl ^2 

P (<^1 — P ) (<^1 — P ') 

Hence in general, it will fall. 

a6. Let AB is inclined at an angle 0 to the horizon 
and if we take moments about A for the two rods, we see 
that tan 6=1 ; therefore, portion ot equilibrium is a 
symmetrical one. 

Let p and a be the densities of the rod and water 

Resolving vertically 

ap = br5 1 

Taking moment about A for one rod, 

2.pw-^^=.2baw. II 

.T, T = (a—b)pw 
a-b 


2a 


. w 
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27 . Let Vj, Va, V 3 be the 
volumes of the portions as shown 
in figure 

Vi : Va : V3 

= h^ : : {(3/^)•'’-(2/^)2} 

i. e. as 1 : 7 : 19 

Let p be the density of the cone 



and Oj — Gg, Gj, and Gi+^^a those of liquids, 

27p=19(g] — . Gjd" ((Tj -(-' 52 ) 

27p=7 (gj — G2)-}-19gj 

27p=27gi-18g2==26gi-7g2 

.*. Gji= 1 Ig 2 and p = ~ Gg 

j 

Gj — Gj— 10 g2 
Gi4-G2=12Ga 
Hence the reqd. ratio 

3 1 ; 30 ; 33 : 36 

28 . If the depth be at. 

Stretched length of the strlng^a+Ar 

X 

Its ten«ion = «w . — 
a 

where w is the weight of the cylinder. 

Therefore, for Equilibrium 

!:<; = tension of the string + weight of the fluid displaced 

X , X w 
= n w . — -h-r • - 
aha 

h aa 

^ nha-i-a 

29 . Let the height of the water barometer be h. Pressure 
inside the cylindcr=(A + 1700) cm. 

From Boyle’s law, we have 

1200000 X A ==450000 X (h-j- 1 700) 
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/. A =1020 

/. P=u;x (1700+ 1020) 

=2720x980 dynes. 

3o. Let the free surface, a parabola of latus-rectum 
. meet the fixed leg in A and the revolving leg in P, Draw 


AN = 


"W 


PN perp. to the fixed leg. Therefore, 

= . AN where 

ur 

Let the heights of A and P above the bottoms of the legs 
be A, k. 

(T| h fcjA: 

CTj + ag 

CTjA + CTgA 
Oi + ^a 
OTj ik — k) 


Mean level = 
Reqd. result=A:- 


CTj + Cg 


a, w* c® 


®l + ®2 2^ 

3i. If the sp. gr. of the plank be a 

2 W 

W+W= 


3 a 

Let the man walk to the end A of the plank, the section 
through the length of the plank being ABGD, B and C being 
under the water and D above. Draw AE horizontal to cut 
CD in E. Therefore AAED must be J of ABGD. Therefore 

where 0=/.DAE 

The weight of the plank is W acting at the centre B of the 
section. 
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Taking moment about A 
W 

= moment of A^ED about A 


= sum of moments of weights each 


1 W 


at each pts. A, E, D 


1 W 

3 a 
Hence 


a cos 6-f {a cos 0-f DE sin 0) 
3 




) 


9a2 


-f 36* 


= j 

C7 L 2 


-f 


2_36*1 
9 J 


- 1 : 


6 (9a* + 66*) 
45a* + 466* 


From I 

2 1 
W 3 * V 
^ 9a*- 106* 

45a* + 'l6&* 

Hence the Limiting value is that 


-1 


w 


is not > 


9a*- 106* 


■“ - 45a*+466* 

32. Let the radius of the base of the cone is r and h is 
the height. Let 6 be the radius of the section of the cone by 
the water line and c the radius of the section of the cylinder 

6 . 


6 *= 


19 


.1 


When the cone is in equilibrium, let the level of water 
rises by x inches. Therefore, 

„ 1 7ra*6 


TTC' 


3 




= — 7C ^ 

24 V 
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I. c. 


19 ft* X 
6 ' 

Put 


r/'bh , V / ftftvi 

3ft*L\ « ^ / V y J 


3ft* 

a 


19 ft*ft 
24 a 


19 


We have — 

• v=-^ 

• • ^ 2 

bh 

.. «= o“ 

2 a 

The additional buoyancy of the water is 
I TC/a* ftf 


s=weight of 


ft* 




= weight of • ot water 

which is balanced by the additional weight of water 
poured into the cone. 

Hence in equilibrium. 

33 . Inside air has a pressure due to 5 1 feet. Let x cubic 
feet air be pumped into the bell. With the usual formula, 
we have 

51 X84 ^ 34 x(x+84) 
l+a . 7 1 +a . 0 

, 273 51x84 

x +84 = -g-^.- 3--= 122-80 


x=122*85- 

=38*85. 


-84 


34 . With the usual notation, 


T=W-rt; . Ax I 

Also x*- 4 -(a + ft) X— ftft =0 II 


Eliminating x between I and II 
(W-T)*-f tuA (a+ft) (W— T)-w* A* ftft=0 
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Put Ws=n . wA. T—w . AY, and X = <z, we get 

Y*-2XY-(2n+/i)Y+nX+«*+«A-Ai>=0 
This curve is a hyperbola. 

35 . Let the bell be sunk at a distance x. 

From Boyle’s law 


^ Tta® (* — C+H)= na^+Tza^c) XH 

o o 


x — c 




Let V be the volume. Therefore, 


^V+— - 7ta®+7ra*ff ^ XH==^-^ ^ + 

( I - ’^“’+"“‘0 

which gives the reqd. result. 


36 . Let BC be the horizontal and CB the vertical leg. 
Let P, Ci be the ends of the Mercury in BC, CB, when there 
is equilibrium, so that OP = GQj==d. The pressure at Q being 
II. Let A be the vertex corresponding to the free surface which 
goes through P. Therefore 

II = J w^p . l^—pg . AN 
0=1^ w*pd^ — pg . AO 
where QN is perp. to AO. 

II = i w^p (l^-d^)-pg . ON 

pg (A+r/) = i r/ »p 

^gih-i-d) 


1. C. 


d^-\-~%d 


2 g . 2gA 






./2 = 0 


This Eqn. will give positive root only if 

is negative 


w* ^ 
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i. c. 


w* > 


2^h 


37. Let the tube revolve about tangent at O, the end ol 
the horizontal radius. PCR being the vertical radius, P 
the highest point. Let the free surface cut the tube in Q, 
having the vertex at A, a point below O. Therefore 

Z.QCR = 0 

Draw PM, QN perp. to tangent at O. 

Therefore, = . AM 


Also {a — a sin = * AN 

Hence, subtracting, 

(1-sin . MN 

/. [2 sin 0 — sin^ 6]= (l + cos 0) 


o 2 ® 

= .2 cos^ . 

I 


2/^f 0 2 

1. e. I tan - sin* ^ ) = 


38 . Let G be the centre of the vessel and A is the 

lowest point. Draw a parabola, latus rectum with vertex 

A and axis vertical. Let these meet the circle in point P 
and P'. Let PP' meet AC pioducde in .''■I. Let PGN = 0. 
Therefore 

r® sin* 0= . AN == (1 -f cos 0) 

w* w* 


1 — cos 0=- 


2^ 

wh 


.1 
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But . - 7rfl^= volume of the liquid. 

o 

=volume of spherical portion PAP' 

— volume of paraboloided portion PAP' 

= {o-\-a cos 0) [3a* — (a*— a* cos 6-}-a* cos* 6)] 

3 


Therefor e 


— J 7ca* sin* 0 , (a-j-a cos 0) 


n* = 5 (1 + cos 0) (2 + cos 0 — cos* 0) — | sin* 0 (1+cos 0) 
= | (l+cos 0)* 

2«=1 + co8 0=2— 


If zf* > — r ; the liquids break into two i. e. a hole. 

r (1— n) • 

Hence there would not allow any liquid to escape. 

39 . Let V is the lowest point of the cone, N the highest 
point of the axis, and A is the vertex of the free surface. 
Therefore, 


V*=--; . AN=p . AN 


Take any point Q on t' e surface of the conical section. 
Draw Q^M perp. to the axis and let Q^M = )i. Therefore 
P 

=,(i’+AM) 

AM=A+r cot a— VM— AN 
where /:=height of the cylinder 

r* 

AM=rA+« cot a— j cot a — ^ 
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P • g 

= ^j— cot +/r cot ai-{-lh — 


+ / cot a {r—y) + lh—'r^ 
cot^ a 


This is least when 


y — cot a 


This value of^ will give a point on the cone if 

I 

cot ct <. r 
i. c. / < 2r tan a 


Plence the proportion. 

40. Let the vertex of the cone is V and the axis ot the 
cone cut the base in GOD, O being the centre. Let the Irce 
surface meet the axis VB in A, VC, VD in P and P'. Let 
PP' cut the axis in N. Let VN=_)'. Therefore 

y tan2 . AN=^^ tan^ a . AN 

4 : 


AN= 


4y 

3A 


Therefore i X | ttA® tan* a== volume VPAP' 

= l Try taJi^ a + ti^y tan* a . 2 ^ 3 ^ 

8y+4Ay— A*=o 

y=hl2 

Therefore, OA=A- - AN-^ - J ^ . 

Let the vertical line cut the parabola in Qand QJ and 
let QQ,' meet the axis in M. Therefore, 

A* tan* a = ^f . AM = -"- tan® a . AM 

4 
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o 

U h 2 h 

OM=.3+-g.-- 
Thrust on the base 

= 7r/i® tan® a . OM . w — nh^ tan® a . JAM . w 

A2 . 2 ^3/4 2/l\ 

=7zn^ tan^ a . id I 1 

= tan® ct . w 

Thrust on base | 10 

weight of water *xj 3 

41. Let the fiee surface has the vertex at A and passing 
through P j nd Q, the ends of the liquid. Since the tube is 
half, PQ^will pass through G (centre). Draw PM, QN pep. 
to the axis. Therefore 

Q,NS_^,.AN 


ON>-PM'=.?C 

2P(Q.N-PM)=?^f 


tan 9 = 


Q,N-PM 


/. e=tan-i p^3. 

42. If we revolve semi-circle BDG about its axis OD, 
hemisphere will be formed. Through B and C draw the free 
parabolic surface, having vertex at A, 

• a*=OC®«-^^ 


. OA. 
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Paraboloid BAG = half hemisphere 

X OAX7ra*=~ Tca® 


2 


2g 


s 1 

= _- a 





Take O, the centre of the base, as origin, OC 
as the x-axis and AB as the^-axis. 

Then the equation of the line CA is 

Y — O— tan a {x — I cos a) 
or X sin a— j cos a=/ sin a . cos a I 

Now the gradient (m) of the line of action R is 
tan (6 + a) 


I 


I 


cos a 


cot (9+a) 2 tan a 2 sin a 

Also it passes through D where ordinate is OP= — 


I sin a 


whose abscissa can be found by putting - in the Eqn. 


to GD 


But the Equation to GD is 

Y-0-.a„(|+aX»+'T“) 


X cos a+j sin — 


I cos® 


a 
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Hence the abscissa of D is given by 

1 sin a . I cos® a 

X cos a — . sm a= 

4 4 


i. e. jtD = — , 


I 


4 cos a 

The Equation to the line of action of R is 
/ sin a 

T 


y+- 


c_ cos a / 
2 sin a\ 


, / cos 2a'\ 

X + I 

4 cos a y 


or 


4y+l sin a 4 x cos g+Z cos 2a 


4' 8 sin a 

or 8y sin a+2/ 8in*as=4* cos cos 2a 

4 (;if cos a — 2j> sin a)= ~ (2 sin*a — cos 2a). 


.II 


Eliminating x between Eqn, I and II, we have 

« « V . r . • sin® a , sin a . cos 2 a'l 

j> (— cos®a 4-2 sm®a )=/ 1 —sin a . cos* a ^ ' 4 J 

Hence 00,==^^ cosec a 

^ 3/ 

4 (1 — 3 sin*a) 

Magnitude of thrust is 
R=«r® u; cos a Vl+i cosec®^| 

7tr® w cos a V34-coscc*« 

= J Tcr® cot a 1 _j _3 sin®a . w 
But r=l sin a 

R= J nP sin®a . cos a . V H-3 sin*a . w . 

44. Let A be the fixed point, C the centre of the plane 
base, B the point at which the hemisphere is loaded so that 
/_ AGB=s90®. Let the vertical through G the centre of 
gravity meet the plane base in N. We have a downwaid 
force nw at B. 

Upward force=W^-^ — 1 ^ at G. 

Z CGN=e 
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Taking moment about A, 

AB . n=AN ( ^--1 ) 


X 'AN = - 


nAB 


I— <y 
=sA«a-v/2 

GN* = GA*+AN*-2GA . AN cos 45 
=a* (l + 2An+2XV) 

- GN GN 

tan Q = = 3 — 

GG t a 


.i ^/l—2^Kn+2X^n^ 


If C7= — 

1 + n 


I —a 


I a 


1 

n 


tan 0 = T 


cos 0 = 


V73 


45 . Let the plane through the axis VO cut the cone in 
VG and VD. Let the diameter of the base is AB for 
Equilibrium. 

Upward pressure on the cone >W, weight of the cone i. e. 
na^h . w— J Tea® hw w 
J Tc<t* hw \w 
Reqd. ratio 

Take K in VO 

VK=i VO 

Resultant horizontal thrust through it 

2h 


‘■ahw . 


3 
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Moment about V of this thrust 

Lmu, 

3 4 2 

Draw vertical lines CC', BB', DD' 

Moment about V of the vertical thrust on the half cone 


= 2 - 

= 1 . Tra® w . h . OG' 


na* wh 


. OG' 


where G' is on OB and is the G. G. of the semi-circle 
CGD and therefore 

Therefore moment of the vertical thrust 

_o® wh 
2 


Dist. of C. G. of the arc BD: 


from O ; 


Moment of the weight of half-shell about V 
_ w 2 2a_ 2 wa 

2 T ‘ 3 * 

For Equilibrium 

I wh ^ 2 wa 

■2 ‘^’"+ -2 - > T V- 




i. e. weight of water (I -fcot*a) > ^ 


weight of water 
w 


> 



a 


46 Weight nw is placed at B on the point of the rim. 
Since it is the maximum weight, the water line must pass 

through B. Let a be the inclination of OB to the horizon 
where O is the centre. 
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Taking moment about O, 

OB cos « . f7u;=OG sin a. . w 
=iOB sin a . 

A tan a=2n. 

The volume of the portion of a sphere of radius a which 
is cut off by a plane at a distance x from the centre is 

= (a — a:)* . (2a+A:) where x=a sin a. 

6 

Therefore, resolving vertically 

7C 

(n+l) w (a— a sin «)* . (2a-i-a sin a) 

3 

= a® . (1 —sin a)* . (a + sin a) 

3 

w (1 —sin a)® (24-sin a) 

275 , 
a w 

(which is the reqd, result) 

47. With the usual Eqn. 

X — hb = 0 

Solving for x, we have 

X —2 

The pressure inside is = (Ar4-a4A) height of water 

height corresponding to Mercury barometer 
x+a+h a+h-\-\/{a + h)^ + 4hb 

=: ' — ssss “ 

a 2(t 

Let a block of wood of volume V and sp. gr. p be 
floated and the length of the air column inside the bell he y. 
Let V' be the volume of the portion of the wood not in water 
Therefore, we have 

(Aj?— V') {y+a+h) — Ah . b 

i. e. {y-\-a-\-k)=^h . b 

Also X {x-\-a-\-h)^h . b 


I 

II 
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Hence the height of the barometer is increased, since it 
measures a water pressure {y-\-a-\‘h) instead of {x-\-a-\-h) 

If the block fall from a shelf within the bell and floats, 
so that V' of it is out of the water and z is the length now 
corresponding to x. Therefore 

(A~-V') {4:+a + A) = (AAr-V) (at+a+A) 

It follows that z cannot be >• *; for if it were, then 

^ x-\- <i'\- h 

Az-V' > Ax-y 

V' < V 

Z < X 

Hence the barometer falls. 

48. If d be the depth of the dock, H is the height of the 
water-barometer, b the height of the bell. Therefore, 


. h^b . H, 

neglecting small quantities 

A (^/-f-H)=:f» . H I 

Let X be the length occupied by the air when the lowest 
point of the bell is at a depth jj), therefore 

(^ 4 .H) = 6H=A (<f+H) II 

Let the weight of the bell be W, and V its volume, 

W«=»Aaa;<x=Vpiy Ill 

Tension of the chain 

=Aatt;o — [A*-f-V] wo 


—•[•('- 9 -*-^'] 

When this tension is zero, the bell will rise 
(^+H) (rf+H) 

y will be positive when 
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h (rf+H) > Ha(l— ^ 

H (’“ p")“‘ 

49. Let the length air occupied be x, when the bell is 
>wered. Pressure inside it = (A;+d 4 -/z) due to a height ol 
?atcr. Specific gravity of the air 


Let the volume of the body be V 

(V — CA) . l-j-C . A . C7 — weight 


= [V— (c+m) A]. l-fA(c+m) 


X ~f~ d -f* h 


i. e. (Af+a) (tf + ra) — (1 — o) I 

Also {b—c) h=(x—c—ra) A) II 

Eliminate x from I and II 
Treat <t as negligible, from I we have 
{_x-\-a) c—rh 
Substituting in II 


X*(/- + l 

(»■+<?) irh—ac—c^) — bc^—c^ 

i. e. r*A+cr (A— a— tf) — c* (a-t-A)=0 



50. If BP be the tube, let B be the lowest point, Q any 
loint on the tube. Draw Q,N, QM perp. to the vertical 
hrough B. Let BQ,=*, BP=/. 

Pressure at P 

Il-PUttt* . PN*-g. ANJ 
P= pressure at Q 

AM] 

^ sin* « — (x—l) cos a 

P 
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sin® a r g cos a *1* 
2 (_ tt)* sin* a J 


, g cos a 

-rt— . sin® a+e/ cos a— o . -o — 
2 * 2w® sin® a 


P is least when 


g cos « 
w* si n® a 


This least value of P should not be negative, otherwise 
there w'ill be a vacuum in the tube. Therefore, 

II sin® a , , 0® cos® a , 

— — 0 cos a— ,~T— must be +ve. 

P 2 zt;® sin* a 

w;®/® sin® a , Up® cos® a 


g® cos® a 
zt;® sin® a 


must be +ve. 


Hence 


, HP* cos* a 

■gl cos a < , r „ 

p 2rz'® sin® a 


zz^® sin 


sin® a r . g cos a ~j* 
2 [_ zo® sin® a J 


gcos^ V' 2 np 
in® sin® a ‘ pin sin a 


g p cos a+in sin a-v/211 p 


zn® p . sin* a 


51. Let the vertical section through the axis cut the free 
surface of the liquid in the parabola QPAP'Q', Q and Q' being 
the points in which it meets the vessel, A the vertex. Draw 
iC^MQ', PWP' perp. to the common axis. 


R®=^ . AM 

r®=^ . AN 
in® 


AM= 


a)*R® 


AN= 


Let the height of the solid cylinder be h and t is the 
height of A above its lowest position. 



From the condition of equilibrium 
7tr* hp—nr^ (^i-i AN) 


/!p = t + 




.II 


Let y be the height of the low.'ist point of the solid 
cylinder from the bottom of the vessel and be the 

total volume of water 

nR2ft=7rR*).+7C (R^-r*) (/+ AN) 

-f [tcR* . NM-1 7tR2 . AM+4 Ttr* . AN] Ill 

R2 . b^'^^y+hp (R2~r*)+^ . R* (R^-r*) IV 

o 

If^^o be the value ofjv initiallly when i^=0 
R* . ^» = R* . jo+^P (R* — r®) V 


From IV and V we have 

53. We know that P=^p^ 


32x13x 1000^5 

= 16 ^ 2 


Let X be the required measure, we have 

32x 13x 1000x5 


IM'] [L'l [T']- 


2x 16 


[M] [L]-> m-* 


.. a;-13x1000x5Xjj,,^X---- 

= lSxlOOOx 5 x-J X3X(60)> 

IT 

= 11232xl0«. 

5^, We can divide the depth z into a large number 
of equal portions (say n). 
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Value of gravity at a depth — is a-i-b . — . Pressure due 

z 

an clement at a depth — is 

Hence the pressure at a depth z 


Lt 


pz 


L n • 




^o=- 


n->oo 

==P {az-\-\ bz^l 

55. Let the cylinder is floating at a depth Xq immersed. 
Therefore 

Xq . pa=/CT . a 
h 
P 

If P be the force that would be required to immerse 
a depth x, then 

(i— *0) 

Tl 

Also Arp ag='P-\-la ag 

P=ag (ATp — /<t) 

= apg (at— AT o) 

^opg • “ il—Xn) 

The work done P 

= PX - (/-ATo) 

n 


^PS ;a 


n 
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Total work 


2 

n -a 




1 +2 + + n 

n* 


= 2 apg (/— 


i«(n+l) 


= \a9g {1 -XqY 


= lgaP 


(p — (t)2 

P 


57 . Let the rod float vertically with 2ib of its length in 
a liquid of density tip, and a weight w attached to its lower 

end. 


2bgnp = 2agp-i-w 

i. c. nA = a+J^- I 

2a is the length of the rod, and p the density of the rod. 

If the rod is inclined at a small angle to the vertical, up- 
ward thrust=26^«p acting at a dist. b from the lower end, 
downward thrust = 2 a^p acting at a dist a from the lower 
end. 


For stable Equilibrium, 

2bg . n . p „ > 2agp . a 

A nb^ > a* 
nb > a\/n 

Therefore from I, 

a+o > « 

2 ^p 

> (Vn— 1) 2^pa 
w > {y/n—X) (its weight) 

(which is the result). 
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58 . Let the axis turned through an angle 0, which is 
very small, and h’ the length of the axis then immersed. 
Weight of the liquid displaced 

A'® 

-w ■ 

where the length of the axis is h. 

A'3 


A® 


. 2W=W+u> 


Height of the metacentre above the vertex of the cone 

— \h' where a=h. 


Taking moment about the vertex 
W 

(W+a^) . — sin 9 = fA sin 0 . W+!^ (a cos 0+ h sin 0) 

Neglecting second order product of wB 
W .2h'B^h .0. W+ltca 



0 [(4)»/®-l]= 


4iy 


^ 4w 

59 . In equilibrium let the length x of the cylinder be 
immersed in the outside fluid 


xp=h'a-\-nhp 


I 
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If M, M' be the metacentres for the outside and inside 
liquids. If O be the lowest point of the axis 


OM= 


X , a' 

2 "^ 4 ^ 


2 Aw 

Thrust upwards at M=-7ra®;rp 
Thrust downwards at M' = Tra* h'a 
Thrust downwards at G= 7 ra* . nh^ 

For stability 

’'■(f • ’'i 

- i. e. 2x*p > (2 A'*-f — a*) p 

From I 

2 [h'G-\ nAp3* > (2A'2+a2) pa+(2n/j2-o*) p®. 

6o. For Equilibrium, if the length x ol the axis of the 
cone be immersed in the outer liquid. Therefore, 

2 nx^ tan* « . p= nh'^ tan® a . a ■}- ^ ^ 

/. x^p=h'^c!-rh^np I 

Let M, M' be the metacentres for the outside and 
inside liquids. Let the vertex of the cone be V. 

/. VM = VH + HM= ^ X ^ xtan®a 

4 4 


— X sec® a 

4 

VM'= I- A' sec»a 


1 f 


Thrust upwards at M= * ' n tan®a . x^p 

o 

Thrust downwards at M'=— re tan*« . A'®<i 

6 
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Thrust downwards at G= tc tan^a . 

o 

For stability 

p X ^ X sec^a > h'^a X -f- h' scc^a + n/t® P X 
4 4 j 

g 

X^p > ^'“* 0 + g- nh''‘ P cos®a 


From I, we get 
(/t'®a-f-/i®np)^ 


P [/.--+ 9 


nh*^ p cos 








